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ABSTRACT
We present a variational calculation, using Slater-type 
trial wavefunctions of the energy spectrum and ionization 
energy of the hydrogen atom in strong magnetic fields rang­
ing from 10^ Gauss (typical of magnetic white dwarf surfaces)
12to 10 Gauss (typical of pulsar surfaces). In addition, we 
have calculated bound-bound transition probabilities. 
Furthermore, a method is developed to generalize the energy 
level results to any one-electron atom. In particular, 
results for He 11 are presented.
We also present an exact calculation of the quadratic 
Zeeman wavelength displacements of the Balmer lines from DA 
white dwarfs in view of which the estimate of the surface 
magnetic fields is higher than that obtained by previous, 
less accurate calculations.
Finally, the variational calculation is extended to 
two-electron atoms in strong magnetic fields: we present
the energy spectrum and ionization energy of He I and the 
e l e c t r o n  affinity of If- .
vi
I. INTRODUCTION
Strong magnetic fields in condensed stellar objects, 
such as white dwarfs and neutron stars, constitute a funda­
mental aspect of their nature and are involved in a large 
number of physical processes taking place Inside, on the 
surface and in the vicinity of such bodies.
Some main sequence stars are known to possess magnetic 
fields, ranging from _1 G for the Sun to over 10 G for some 
Ap stars. In general, these are poloidal fields with a 
structure similar to the earth's magnetic field. Toroidal 
fields, having a component along the Equator, are also 
occasionally observed, such as the local fields in sunspots, 
of the order of 10  ^ G .
One of the evolutionary processes involved in stellar 
condensation is the enhancement of these fields. It is
generally assumed that the magnetic flux in the contracting
1 2
star is conserved. ’ We say that the lines of force are 
"frozen-in" the stellar matter and are condensed along with 
it. In this simplified picture of flux conservation the 
field will Increase as
n R o
1r  - <tt> (1-15o
where R and R are the initial and final stellar radii, o *
respectively. Taking a typical value of Rq = 1 0 ^  cm and
Bq = 100 G, the surface field of a white dwarf, with a
9 6radius -10 cm is expected to be -10 G and that of a
zf TO
neutron star, with a radius -10 cm will be '10 G. Of 
course, because of individual differences these are just 
order-of-magnitude estimates.
Due to the large conductivity of stellar plasma, and 
the large spatial scale of the phenomena taking place there,
the field decay will be negligible. The decay time of the
,3field is given b y
^tioL2 (1 .2 )
T 2 c
where a is the electrical conductivity and L the dimension
l/j
of the system. For a typical neutron star t = 10 years,
much larger than estimates of the time scales Involved in
its evolution and the neutron star is expected to have its
magnetic field strength essentially unchanged.
Now the processes leading to a white dwarf or a neutron
star are quite different in nature and still not very well
understood and it is interesting to see how well the above
described picture predicts the inferred field values.
The existence of neutron stars was first postulated in 
ij
1932 by Landau and calculations were carried out by Oppen-
5
heimer and Volkoff for a Fermi gas of noninteracting neu­
trons. It was suggested that neutron stars might be formed 
in supernova explosions. The study of neutron stars as a
theoretical object was taken up again in the late 1950's by
6 *7such authors as Wheeler and coworkers, Cameron, Ambart-
g
sumian and Saakian, etc. A typical neutron star has a mass 
M - 1 M (M@ = solar mass = 2 x 1 0 ^  g), radius R - 10^ cm
31*4 -3and average density p - 5 x 10 g-cm , i.e. of the order 
of nuclear densities. It is assumed to be the imploded core 
of a red giant, the outer sheDls of which undergo a super­
nova explosion. These are relatively Infrequent events 
( 1 every 30 years in our galaxy). And not all supernova
explosions yield neutron stars. Most likely they are pro­
duced in Type II supernovae that are thought to originate 
from the younger, Population I stars, the majority of which 
are located in the galactic plane. Still, a large number of 
neutron stars are expected to exist, although for a long 
time there was little hope actually to observe them.
The most famous supernova remnant is the Crab Nebula in 
our own galaxy, first observed by the Chinese in 105*4 A.D.
Q
and seen to expand ever since. It was suggested by Pacini 
that it could be fed by a rotating neutron star emitting 
large amounts of magnetic dipole radiation.
However, it was the discovery of pulsars in 1968 by 
Hewish, et a_l.,i0 that transformed the more or less specula­
tive domain of neutron stars into one of the most active in
astrophysical research. (See R u d e r m a n ^  for a review
12article.) Following the basic assumption by Gold (which
has not been seriously challenged so far) that a pulsar is a
rotating neutron star, a number of models have been worked
out to explain the pulsing mechanism and various other-
observations made with increasingly high accuracy: among
13the earliest models are those of Pacini, Goldreich and
14 15
Julian, and Ostriker and Gunn. One of the most
important features of the pulsars is that their periods,
ranging from .033 ec (for the pulsar at the center of the
Crab Nebula), to a few seconds, are in general seen to
increase with time. Therefore the rotating neutron star is
n Q *|
losing energy at a rate typically of -10 erg-sec- . A
large part of this energy goes into the acceleration of
extremely relativistic electrons (Ee * 1 0 ^  eV) and other
particles. The optical synchrotron radiation observed in
the Crab Nebula indicates the presence of these electrons in
-1magnetic fields of -10 - 10 G, about 1 light year away
from the pulsar. Now the lifetime of electrons against
2
optical synchrotron radiation is -10 years, and for X-rays 
this is less than a year. Thus they have to be constantly 
replenished. Furthermore, energy goes also into the kinetic 
energy of the expanding nebula. The pulsed radiation Itself 
is in general in the radio region, although the Crab pulsar 
emits in the optical and X-ray regions, too. The different 
models proposed offer a variety of theoretical descriptions 
of the pulses and of how and where the rotational energy of 
the pulsar is coupled to the relativistic particles. But 
they all assume that the neutron star is a highly conducting, 
magnetized, rotator losing energy at the rate
r V r 6
= (BR
dt 3 c '  ^ 5)c
where R is the radius, Q the angular velocity, B thes
5surface magnetic field and f is a function of ftR/c. Most
12 13models require B to be in the range 10 -10 J G which woulds
be that predicted by flux conservation. In general the
poloidal field flux in observed pulsars seems to be within a
24 2
factor of ten of 2 x 10 G-cm . This range is narrower 
than that of ordinary stars but too little is understood 
about the fields, final evolution and collapse of stellar 
cores to know whether this value is characteristic of pulsar 
ancestors before supernova explosion.
Nothing is known directly about possible huge interior 
toroidal fields. (They do not penetrate the surface, unlike 
the Sun.) They are due primarily to differential rotation 
that winds up the poloidal field lines. Toroidal fields of 
1015-1016 G are considered in some models.
A spinning magnetized conductor in a vacuum will 
generally also have an external electric field for which 
/ 0. At the conductor surface the normal component of 
2 will therefore tend to pull electrons and ions away from 
the conductor. This field is given by"*"8
I*:(V/cm) - 10"8 (1.4)
I o
where P Is the period of the pulsar. The particles thus 
freed from the surface will then be accelerated along the 
magnetic field lines, and for sufficiently high temperatures 
or strong electric fields the region exterior to the 
spinning star will rapidly fill with plasma which will
6corotate with the star out to distances near the light 
cylinder, where the corotation speed equals the speed of 
light. The energies acquired by the particles can be as 
high as 1 0 ^  eV. Eventually some of it is released in the 
form of synchrotron radiation.
Now the sign of the electric field that lifts charged
particles from the stellar surface changes between the pole
and the equator, thus particles of both signs are emitted
and flow out along open magnetic field lines in a spiraling
motion. Various models describe this process but a central
question arises about the nature of these particles on the
pulsar surface. It has been estimated by R u d e r m a n ^  that
the atoms present on the surface, mostly heavy elements like
iron, are tightly bound to form a metal-like solid of 
A 5
density 10 -10 g/cc which is supposed to stay stable even 
5 6at the 1 0 - 1 0  °K temperatures expected for neutron star 
surfaces. (In the early stages of the neutron star’s life 
the temperatures are larger, but there is rapid cooling.) 
However, lighter atoms are also present since the nuclear 
reactions have not completely depleted them. And it is of 
great importance to know the nature of light atoms and ions 
such as II, II , lie I, He T1 , etc., In the strong magnetic 
fields present on the pulsar surface, and to calculate their 
binding energies.
Taking the simplest example, the hydrogen atom, and 
assuming the field to be in the z-direction, we shall see
that the binding energy of the electron is larger for some 
states including the ground state, in other words, it takes 
more energy to ionize the atom. Another effect of the 
magnetic field is that it will destroy the spherical symmetry 
of the atom and impose a cylindrical symmetry around the 
z-axis. To determine the magnitude of the field when this 
effect becomes as Important as the Coulomb attraction we can 
equate the radius of the lowest Landau orbital of a free 
electron in a magnetic field, given by
X e  1/2
%  • (5B> <!-5)
2 2to the Bohr radius aQ = h /ue . We thus obtain
2 3
B = B r - = 2.3b x 109 C. (1.6)
° h
We can further express B in terms of the critical field B^ o c
defined to be the field for which the electron cyclotron 
frequency (eBc/yc) is equal to the electron rest energy
divided by -fi
and
2 3
Bc = Hd r  = H 'Hl3 x lo13 G (1,7)
B = B a2 (1.8)o c
e2 1where a is the fine structure constant (a = ~ v^r) . Above
iic i 37
B the electron system has to be treated relativist! cal'Ly.
The Hamiltonian for hydrogen in a magnetic field has 
two terms that depend on the field. One has a linear depen­
dence and gives rise to the linear Zeeman effect. The other
8is quadratic in the field and produces the quadratic Zeeman 
effect. At low fields the linear term dominates; however, 
the quadratic term will be seen (cf. CH. Ill) to be impor­
tant at fields several orders of magnitude weaker than Bq , 
especially for higher values of the principal quantum number 
n. Therefore the effect of the magnetic field on the binding 
energies of atoms, fundamental for pulsar surfaces, will 
also be very important for magnetic white dwarfs.
The theory of white dwarfs has been well established
17 l8since the initial work of Chandrasekhar ’ in the early
1930's. The original star, with a mass below the so-called
Chandrasekhar mass limit ( -1. ^  M ), upon depletion of its€)
nuclear fuels undergoes gravitational contraction in a non­
violent manner (unlike the neutron star) until the 
gravitational pressure is balanced by the pressure of the
degenerate electron gas. Typically a white dwarf has a mass
q
'1 M and a radius -10 cm.
©
Most of the thermal energy of white dwarfs is in the
ions which are not degenerate (because of much larger mass
per particle) and after all nuclear reactions cease this
reservoir of heat remains to diffuse slowly through the
outermost nondegenerate layers of the star and to maintain
the surface temperature and luminosity high enough 
_  14 _  p
(L - 10 -10 x L , L i luminosity of the Sun
© ©
33 -1-3-9 x 10 J erg-sec ) to keep the typical nearby white 
dwarf observable for billions of years. The number of white
9dwarfs detected so far is a relatively small one (about 300) 
and they are broadly classified by their spectra as 
follows:^
a) DA White Dwarfs ~75/& of the total number. Mainly 
hydrogen absorption lines are present, a few have hydrogen 
emission lines.
b) DB White Dwarfs ~ ^ %  of the total. Neutral helium 
absorption lines, but no hydrogen lines.
c) DC White Dwarfs -10% of the total. They have 
continuous spectra. The rest are of type DO (strong He II 
lines, weaker He I and H), DF (Ca II), DG (Ca II, Fe I) and 
a few have molecular bands.
For the detection of magnetic fields on white dwarfs,
6 7
expected to be of the order of 10 -10 G, three main obser­
vational approaches have been used:
1) Circular polarization in the wings of the hydrogen 
Balmer lines produced by the linear Zeeman effect.
2) Circular polarization over large wavelength 
Intervals in the continuum radiation.
3) Displacement of the hydrogen Balmer lines due to 
the quadratic Zeeman effect.
20The first method was used by Angel and Landstreet who 
examined the Balmer line Hy(n = 2 ► n = cj>) in the spectra of 
9 DA white dwarfs. A net circular polarization due to the 
linear Zeeman effect is expected in the wings of the Balmer 
lines. The resulting estimates of the fields present have
10
e;
an upper limit of the order of 10^ G. This Is an averaged 
steady field. The corresponding time-varied field which 
could arise if the white dwarf is in rapid rotation, and if 
the axis of the field is inclined at a fairly large angle to 
the rotation axis, would be somewhat larger (~2 x 10^ G). 
Still the results fall short of the expected values, and 
they could even be consistent with the complete absence of 
fields. However, recently a DA white dwarf has been observed 
with a linear Zeeman splitting of the 6 line indicating the 
presence of a magnetic field B ~ 3 x 10^ G (P. Strittmatter, 
private communication to R. O'Connell).
Continuum radiation in a magnetic field is expected to
21
display a circular polarization, as suggested by Kemp.
In his greybody magnetoemission theory, electrons are con­
sidered to be a collection of radiating harmonic oscillators 
and the resulting circular polarization in the presence of a
magnetic field is seen to have a wavelength dependence. A
22 21number of measurements * using the 2nd method have been 
made and on the basis of this theory estimates of the fields 
present on white dwarfs are in the 10 -10 G range, in good 
agreement with the predictions of flux conservation. How­
ever the computed form of wavelength) dependence is in 
conflict with observations.
The 3rd method, applicable to DA white dwarfs, was
2*J
suggested by Preston. The quadratic Zeeman term in the 
Hamiltonian is expected to be important for magnetic fields
11
as low as 10^ G, especially for higher n values, and In the 
process push the energy levels upwards; thus the wavelength 
of the transitions will be shorter and the spectral lines 
will be blue-shifted. Measuring these shifts should give an 
indication of the magnitude of the fields present on the 
white dwarf. However, the upper limit for the total field 
averaged over the stellar disk, derived using data gathered 
by Greenstein and Trimble was around 5 x 10 G only. The 
calculation, based on perturbation theory, was approximate 
and also inaccurate in some respects, and a more complete 
one is warranted. It would essentially involve the exact 
determination of hydrogen energy levels (up to n = 10) for 
fields of the order of 10^ G.
The problem of the hydrogen atom in a magnetic field
does not have an exact analytical solution. Perturbation
theory provides a good approximation in a limited range of
the fields. However for stronger fields the most general
approach guaranteed to give the lowest upper bounds on the
energy levels is a variational calculation with various
possible trial wavefunctions that contain parameters to be
varied until the best results are obtained. Yafet, Keyes
and Adams ( Y K A ) ^  were the first to use such an approach in
connection with electronic energy states associated with
impurity levels in semiconductors. More recently Cohen,
27
Lodenquai and Ruderman (CLR) used cylindrically symmetric 
trial wavefunctions to obtain the binding energy for
12
11hydrogen In fields up to 10 G. However, the results were 
not as good as YKA's at lower fields. And spherically 
symmetric trial wavefunctions including Slater-type radial
1 p
terms were seen to give better results for up to -10 G In
2 8
the calculation of Smith, et^  a^ l. This approach is des­
cribed in detail in the following chapter, and an extension 
to the problem for any one-electron atom is presented, in 
particular results for He II are given. In addition the 
higher energy levels of hydrogen and He II are obtained in a 
smaller magnetic field range, and a calculation of bound- 
bound transition probabilities is also made. This is of 
particular importance for the white dwarf magnetic field 
observations using the quadratic Zeeman effect, discussed in 
Chapter III.
Finally a similar calculation of the energy spectra and 
binding energies of two-electron atoms, namely He I and H~, 
in very strong fields, is presented in Chapter IV. The 
problem is somewhat more complicated since the two electrons 
present lose their spherical symmetry around the nucleus at 
different field strengths, the outer one feeling the effect 
of a given magnetic field more strongly, compared to the 
Coulomb field of the nucleus, than the inner one. However, 
a linear combination of spherically symmetric trial wave­
functions is seen to give good results for fields close to 
pulsar field magnitudes.
II. ONE-ELECTRON ATOMS IN STRONG 
UNIFORM MAGNETIC FIELDS
2.1. Hamiltonian for hydrogen
The Hamiltonian for the hydrogen atom in the absence of 
electromagnetic interactions is
where y and -e are respectively the mass and charge of the 
electron.
In an external magnetic field B the electron can be 
treated non-relativistically for B < Bc = x lO1  ^ G
(cf. K q . 1.7). We will confine ourselves to fields at least 
one order of magnitude smaller than B throughout the present 
work.
Although for the one-electron system the electron spin 
will be seen to be unimportant for strong magnetic fields, 
we will first discuss the more general problem that includes 
it. In the Pauli approximation to the Dirac theory we
incorporate the spin by replacing the kinetic energy term in
29the Hamiltonian by
H (KE) = (o*p)(o*p)^j- . (2.2)
Here o = 2s is the Pauli spin operator.
Electromagnetic interactions can be generated by the 
substitution p -+ p + —  where A is a vector potential. The 
Hamiltonian then becomes
13
14
H - + ^ > ° - ( p  + - V -  <2-3)
29Using the relation
(o-£)(o-3) = + ii-(XxS), (2.4)
we get
” ° ?ir(p + ^ )2 + ^ 7° ' [ ( p + i f >  x ( p + ( 2 . 5 )
Noting that
p x i t  = - i t f ( V x X ) - / t x p ,  (2.6)
and writing v x ^ = 2 for the magnetic field, we obtain the
expression
A . 1 (P + SA)2 + e«5.g . fd, (2.7)
2p ^ c yc r *
to which we add the relativistic spin-orbit interaction 
term29
e2 1 * *
I = — j ~2 A  s-L, (2 .8 )
2y c r
where £ = r x p is the angular momentum of the electron.
Thus
H = 2^ - V  + 2^ <P'S + * ’P> + f - 2 * 2
2uC
(2.9)
+ —  s*§ + E.wc
Now
L p . f i ]  = - * f f  V-fi ( 2 . 10)
and from the transversality condition V*fi = 0. Then
p • fi = fi • p . (2 .11)
Finally we choose § to be a uniform field in the z-direction
and
t = | 5 x r. (2.12)
Therefore,
t . p  = | BLz (2 .13)
where is the z-component of the angular momentum. The
Hamiltonian is thus written
~  2 2
H = E   e _ + w + i +  W„, (2.14)
2 jj r Q *
where the term linear in the field is
W = u»T (L + 2s ) (2. 15)
Lt Z Z
the quadratic term is
WQ = ^-uoj^r2sin2e , (2.16)
eBand Wj = 5-^- is the 1,armor frequency. The importance of
the last three terms in K q . (2.14) varies with the magnitude
30of the field and different approximations are possible.
2.2. "Normal11 and ’'anomalous*1 Zeeman effects (weak fields)
In the classical theory of the Zeeman effect (no 
electron spin) the term linear in the field is treated as a
perturbation while the quadratic term is ignored for weak
fields. The Hamiltonian is then
* 2 2
II = ^--- —  + u> L , (2 .17)?u r I, z * v i /
with the eigenfunctions of the unperturbed hydrogen atom
1where Rn (r) is the associated Laguerre polynomial and
* Pis a spherical harmonic. The eigenvalue of L
£(£+1 ) and that of L is m, taking the values -£,-£+1 ,.
The linear term removes this degeneracy and we have the
"normal" Zeeman effect. The energy eigenvalue is now
E = E + m , (
o L *
where E q is the energy of the unperturbed hydrogen atom 
The selection rules for the allowed transitions are
Am = 0 for the spectral line components polarize 
parallel to the field.
Am = ±1 for the line components polarized 
perpendicular to the field.
If we keep the spin terms in the general Hamiltonl;
* o * 2
(Eq. 2.1^), we see that the operators L , s and J = L,
all commute with W and E. On the other hand s and L c
z z
' 2not separately commute with E and J does not commute w1
~ 2W. Furthermore L does not commute with Wn .
y
For weak fields (cf. 5 2.3) the quadratic term can 
be ignored, while W will be small compared to E. Now J c 
commutes with E and has two eigenstates with quantum nun 
J = £ + and £ - i respectively. The corresponding two 
eigenvalues give riso to the fine structure splitting, 
in turn is split by the W term treated as a perturbation 
("anomalous" Zeeman effect). The pattern is more compli 
than for the normal Zeeman effect but the selection rule 
the same.
17
2.3. "Paschen-Back" effect (strong fields)
For B > 10 G it Is the spin-orblt term Z that becomes 
small compared to W.
In the first approximation we can entirely neglect Z 
(complete Paschen-Back effect for very strong fields). The 
eigenvalue of W is then
Ew = <i>L (m + 2mg ) , (2 . 20)
where m is the eigenvalue of s . We note that the normal s z
Zeeman effect is simulated since (m + 2m ) is an integer.s
Now since the spin and orbital momenta are no longer coupled, 
m is a good quantum number and in optical transitions we
o
have the selection rule
Ams = 0. (2.21)
Thus for the complete Paschen-Back effect the spin can be
dropped from the Hamiltonian.
The selection rules for the magnetic quantum number are
still Am = 0,±1 depending upon the polarization. In the
second approximation Z can be treated as a perturbation to W
and each Zeeman level of the atom will exhibit a splitting
of the order of magnitude of the fine structure splitting in
the absence of external fields.
Now, for strong fields, we can no longer neglect the
quadratic term, because even if Wn is treated as a perturba-
l\ B
tion Wn/W is roughly proportional to n („— ) (cf. Eq. 2.31) w b0
and becomes comparable to unity for large B or n. For' very
4 30large n values Is important for- fields as low as 10 G.
18
2
Now since Wq does not commute with L (it has off-diagonal 
matrix elements with A fi. = + 2), I is no longer a good quantum 
number.
From now on we will confine ourselves to strong magnetic 
fields when the atom undergoes the complete Paschen-Back 
effect, and dropping also the spin terms, we will write the 
Hamiltonian (from E q . 2.1*4) in the form
- _ P 2 e2 : 1 2 2 , 2 . / o o t \'I - —  + u)T L + 75-yioTr sin 6. (2.22)y r u z d. 1j
2 . *4. Free electron in a magnetic field
Before attempting to solve E q . (2.22) let us consider
an electron In a uniform magnetic field, in the absence of a
CouloruD potential. The system displays a cylindrical
symmetry in the direction of the field (say the z-axis).
11The electron energy states are given by
2
Em + + I 1 + m s + + I V  > (S'23)
where the quantum numbers are
n p - 0,1,2,..., I = 0, + 1 , + 2,...
and m^ = for the electron spin respectively parallel and 
antiparallel to the field. In addition
u = 2w, = —  (2 .2*0c L pc 0
P zis the electron cyclotron frequency, and ^  is the kinetic
energy along the field direction (the magnetic field has no
effect on this term). We note that the states are degenerate
and for the lowest Landau level we have n = 0, £ < 0, and
P
19
ignoring the motion in the z-direction (p = 0 ) we obtain
z
for the energy
E° = 0 for spin antiparallel to the field.
E° = -fiu for spin parallel to the field.
The electron moves in circular orbits (helical if we include 
the motion in the z-direction) with radii (for n = 0 ) given
k 38 Pby
p £ = (2 | £ | + l ) 1 / 2 p o , (2 .26 )
where
•Tic 1/2 B o 1/2 
%  - ' <-#> a o> <2 -2 2 >
Q
and as before Bq = 2.33 x 10 G and aQ is the Bohr radius. 
p q is the radius of the lowest orbital and we note that to 
the ground state energy corresponds an infinite number of 
orbitals with increasing radii.
The presence of a positively charged nucleus will bind
the motion of the electron in the z-direction and for strong
aQ
fields, as p < — , the atom will take an increasinglyO Ct
cylindrical shape.
An order-of-magnitude estimate of the field dependence
32of the binding energy can be made by writing for the
energy of the electron
E = E + E . (2.28)c m
For the ground state the magnetic energy Em = 0 while the 
total energy in the Coulomb field is (using the virial
theorem)
20
E = -c
Ze
2R (2.29)
Thus taking R = p q we have for the binding energy of the
ground state of hydrogen
E I ~E c 2a 'B
e 2 R 1/2 I B
( f )  = ± ( f )
o o o
1/2
RY (2.30)
Below are values given by E q . (2.30) compared to results 
obtained by the variational calculation described later.
B
EjteV)
Eq. (2.30) Variational
10 B
o 43 47.3
100 B
o 136 102.9
2.3. Perturbation theory
A solution to the Hamiltonian (E q . 2.22) that remains 
valid up to moderately strong fields can be easily obtained 
by treating the linear and quadratic terms as first order 
perturbations.
Taking the eigenfunctions to be the unperturbed hydro­
gen wavefunctions, the energy levels of hydrogen are 
(Appendix A), in Rydbergs,
E = -^>(-1 + —  + n^P(n , I ,rn) (j p )2 ) , (2.31)
r / o o
where n,£,m are the quantum numbers and
1 p
r [1 + ~ 2(1 -  3 £ U  + 1 ) ) ] U U  + 1) + m -  1]
F(n,£,m) = Tj- ° r2r i rT r r 2T ~ i ^ T 5 *( 2 32)
A rough estimate of the threshold field where E q . (2.31) 
is no longer correct can be made by equating the quadratic
21
term to the sum of the zero-field and linear terms.
For m = 0 BTh = —  - 1/2 > (2.33)
n J [FCn.l.m)]
For m / 0 2 , , *4 2,,. 6„, . \,l/2
B = B ~n m+(n m +4nwF(n,£,m) } (2.3*4)
^  ° 2n F(n,£,m)
In Table I are given some values of determined by Eqs.
(2.33) and (2.3*0. These are certainly upper limits and 
perturbation theory results will not be very accurate at 
much smaller values of B, as will be seen.
2.6. A simple variational calculation with hydrogenic trial
wavefunctions
A more accurate solution of the Hamiltonian can be
obtained only by a variational calculation. One chooses a
trial wavefunction with appropriate parameters that are
varied until the energy is minimized. In general the larger
the number of parameters, the more accurate the results will
be, provided a judicious set of wavefurictions is chosen.
The lowest energies at very high fields were obtained
27by Cohen, Lodenquai and Ruderman who chose oscillator-like
wavefunctions because of symmetry considerations. Rajagopal,
3 3Chanmugam, O'Connell, and Surmellan on the other hand 
started with a spherically symmetric hydrogen-like 
wavefunction, namely
*1 = 6l/ 2R 10(6lr)Y00(e><fr)» (2.35)
where the parameter to be varied is 6-^. Since the magnetic
22
field is expected to increase the binding of the atom, the 
radius will decrease and 0  ^ will be expected to be larger 
than 1 (0-l = 1 gives, of course, the hydrogen ground state 
wavefunction) using (2.35) the eigenvalue of the Hamiltonian 
is (Appendix B)
2
H = - 281) + mtl)Lao * (2-36)
2mao 6j
3 HMinimizing H with respect to 0, (i.e., —, ■—  = 0) we have
1 O P -j^
2
e ? ( e l - l) = I  -1 7 ? a o n ? > < 2 - 3 7 )
C -fi
which has only one positive root B and the corresponding
minimum energy i
where
E = - p + AmwjV . (2 .38)
0 2ma L 0o
(20 - 1)
A = --- ^  . (2.39)
6o
The ionization energy is given by
Kj = ^o)L - Eq , (2.^0)
where -fTw is tin' energy of the lowest, Landau level (excluding 
the spin) that the electron has to reach to be free.
The trial wavefunction can be readily improved by adding 
a second hydrogen-like wavefunction with a variational 
parameter 0£
<P = + c 2^2 ’  ^2m
where
23
'l>2 = 62/ 2R 10(62r)Y00(6^ ) • (2.42)
33Figure 1 is a plotJJ of the ionization energy obtained 
with ^  and ip compared to the perturbation result and the 
results of Cohen, et^  a_l. An appreciable improvement can be 
seen due to the addition of the second term.
2.7. General variational calculation with Slater-type trial 
wavefunctlons
The method described in the preceding paragraph can be 
easily generalized by the addition of a large number of 
hydrogen-like wavefunctlons. States with £ / 0 would be 
included to better- approximate the cy1indrically symmetric 
configuration for strong fields and the energy eigenvalues 
would be minimized by varying the large number of parameters
present in the trial wavefunctions. This was the approach
2 8of Smith, Henry, Surmelian, O'Connell, and Hajagopal, 
except products of Slater orbitals and spherical harmonics 
were preferred, since hydrogen-like wavefunctlons are merely 
linear combinations of these, and the matrix elements can be 
determined in a more uniform manner.
Since the Hamiltonian is invariant under rotations 
about the z-axls (no <J> dependence in E q . 2.22) and under 
inversion (no change as r > r, 0 ->■ u - 9, <|> -► <(> + u ) , the 
eigenvalues of L (m) and parity ( ± ) are constants of the
motion and the eigenstates can be labeled by them. Thus a
2 8general form of the trial solution may be written
(2.43)
The Staler orbitals Include the variational parameter 
“i* n £ = £ * + 1 and ai 's are normalizat i°n coefficients.
Since the quadratic term has matrix elements for A£ = ±2 the 
summation over £ goes as £ = 0,2,4,... for even parity
the summation over i determines the number of so-called 
"basis functions", i.e., the radial terms for a given £ 
value (see Appendix C on variational calculation, the 
diagonalization of the Hamiltonian matrix and the energy 
eigenvalues).
The computational procedure is to start with a set of 
a's for the basis functions and vary them in order to mini­
mize the energy eigenvalues, then add terms with larger £ 
values to further minimize the energy, up to an £ value for 
which no appreciable difference occurs, i.e., convergence is 
achieved. In practice a number of judicious guesses have to 
be made during the different stages of the calculation, 
especially due to the fact that the diagonaiization of 
matrices of large dimensions consumes a lot of computer 
time. As the magnetic field strength is increased, larger 
£ values have to be included, thus £ values of up to 20 were 
used for the hydrogen ground state for fields B > 101'*' G.
For the excited states it is the number of radial terms that 
has to be increased and in general the stronger the field
(parity = (-1 )*) and £ = 1 ,3,5 for odd parity. Finally
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the larger the values of . The ground state energy and 
the Ionization energy of the ground state of hydrogen 
obtained from E q . (2.40) are given in Table 2 for various 
values of the field B and the ionization energy is plotted 
in Fig. 2.^® Also shown are the results of Y K A , ^  C L R , ^  
and the perturbation theory results. As can be seen the
trial wavefunctions described above give the highest ioniza­
tion energy (i.e., the lowest ground state energy) for 
fields up to '7 x 1011 G.
Table 3 gives the values of the energy spectrum for the
first 13 excited states for B - 10^-10^ G and Fig. 3 displays
2 Bthe energy spectrum.' The labeling of the curves corres­
ponds to the usual hydrogenic energy levels, in the absence of 
a field. This is merely for convenience, since strictly 
speaking, there are no more such things as s,p,d,... states 
in a magnetic field. The states are differentiated only by 
their magnetic quantum number m and their parity.
2.8. Radiation perturbation and bound-bound transition 
probabilitles
In order to take radiation fields into consideration we 
go back to E q . (2.3). Dropping once more the spin terms, we 
have
H = k  -  4  + + r m ? A 2 -2 p c
Now we set
X = t 1 + X2 , (2.45)
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where and ^  are the vector potentials of the external 
electromagnetic and radiation fields respectively, and
x r (2.46)
Substituting in E q . (2.44) we note that since is a small
perturbation on the term, corresponding to two-photon
2
exchange, is negligible compared to and A ^ 2 terms and
can be dropped. Therefore the Hamiltonian is written
H = H q + Hj, (2.47)
where Hq is given by E q . (2.22) and
H I = + x ?) (2'M8)
is the radiation perturbation.
Let (m| and (m'| be two eigenstates of the Hamiltonian. 
The probability per unit time for the atom to undergo a 
transition from state (m| to state (m'| and emit radiation 
of frequency
“m ’rn - <2 - ^ )
in the polarization direction e into a solid angle du is
M
given by ’
2
6 U) y * L/  ^ c*
Am ’mdn * 7 ~ |e ^  eq ' (P + ““[/TiT * ?>l"i>l da,
2 .  p -fie <1 |g| ( 2  5 Q )
>
where k is the propagation vector and the polarization unit 
vectors are
JL 
J 7
such that
, , = — (e T ie ); e = e , + 1 /rr x y * o z *
27
r = —  (x+iy)e + — (x-iy)e + ze . (2 .51)
/2 +1 /2 _1 °
Since in a typical transition In the optical region the
wavelength of the emitted photon is much greater than the
linear dimension of the atom, we can use the electric dipole
approximation where
-iic-re 1K r = 1 . (2 .52)
With p = -ifiV E q . (2.50) then becomes
A m ' m d!i = ~  g ’”  1 < m ' I 7 7 7  X r|ra>-e I2 dli, ( 2 . 5 3 )
2 7i p c IB I M
using the commutation relations
^r ’^ o^m'm 2 u ^ r * ^  ^m’m + uL^r ’^z^m'm
"1 A
= — <m'|p|m) + (m-m * J'fiuq (m 1 | r | m ) (2.5*0
u n
- 2
= — <m'|v|m> - ^(m'-m)
where
^rn'm = < m ' I ? I m > (2.55)
Is the dipole-length matrix-element (Appendix D) and
[ r , H 1 , = (E -E , )F? , = -tU . , , (2.56)o m ' m m m ' m 1 m m m rn ' m *
we get
Now
= (2.57)
(m’ |— x r|-e |m) = e x e ,
|g| Q Q z m ’m
" i<n>’-"')Sm ,ra-eq . (2 .58)
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Since in electric dipole transitions
Am = m' - m = 0 for e = e ,
q z *
and
Am = ±1 for e^ = ,
we obtain for the transition probability
A , dfl =  , -e |2dfl
2irfic m  m q (2 .59)
2 3
_ e “‘m ' m ^  12 * 2 n ,^n
=  R i sin 6dQ,o 3 m m  ’
2 tt<Tic
where 0 is the angle between the propagation vector & and
the dipole moment. The total transition probability is
o b t a i n e d  b y  i n t e g r a t i n g  o v e r  t h e  a n g l e s ,
• )
V„, - t 'he J
In Tables 4 and 5 are presented transition probabilities
3 4A , (Smith, Henry, Surmelian, and O'Connell ), from E q .
m ' m  t  J  > y  y  1
(2.59), in 10^ sec ^ , for magnetic fields of B = 10^ and
g
10 gauss. We notice that A„. increases with increasing° m m  °
field strength; the greatest increase occurring for transi­
tions where An = 0. This is due primarily to the increasing 
separation between the energy levels,, therefore to the larger
values, of m .m ' m
To check the goodness of the approximation by the 
variational wavefunctlons of the exact eigenstates, transi­
tion probabilities were calculated in the dipole-momentum, 
Eq.(2.59) as well as dipole-length, Eq.(2.53), approximation; 
the results are the same except for certain cases that occur
29
g
only for B = 10 G and for which the energy-level 
separations are small. These cases are displayed in Table 6
2.9. Energy spectrum of hydrogen-like atoms
For hydrogen-like atoms (nuclear charge Z, only one 
bound electron) the Hamiltonian is
~  2 2
H(Z,B) = + -ft o)j^ m + -^y to^r^sin^e , (2.6l)
and the energy spectrum can be obtained directly from that 
of hydrogen by rewriting the Hamiltonian in appropriate
units in order to express it in terms of the Hamiltonian for
35hydrogen (Surmelian and O'Connell ).
First we write E q . (2.6 1) as
2 n 2  ^ , 3 8 G 2  ^ 0 u ( 'i . P Ze , ye 1/ B x . 1  y e  , B N 2 . 2.
5 2y ~ r 2 2 B - 6  B  ^ V S ’'fl o -fi o
(2.62)
2 3
where as before B = -— = 2.35 x 10"* G. If we choose the
° -fi
units of length and energy to be respectively
-»2 a-ti o
/ ye
and
P  ^ (ao = Bohr radius),
the unit of momentum will be
* ye
ao/Z *
and the Hamiltonian will take the form
2
H (Z ,B ) = 2_ - I + + ^Y2r 2sin20, (2.63)
30
where
1 B 
Y 72 VL O
H(Z,B) has no explicit Z dependence, and thus we have the 
same SchrOdinger equation to solve for all hydrogen-like 
atoms. It follows that E(Z,B), the energy of a hydrogen­
like atom of atomic number Z , in a magnetic field B, may be 
written in terms of the corresponding quantity for hydrogen:
E (Z ,B ) = Z 2E(1,B'), (2.64)
where
B' = (2.65)
Z
Since the 14 lowest states of hydrogen have already been 
obtained, in principle we have the corresponding valuer, for 
all hydrogen- 1 i ke atoms. In practice, it is, clear1 that the 
extraction of such results would be greatly facilitated by 
the development of analytic expressions for the numerically 
obtained hydrogen spectrum in strong fields. Such an 
expression for the ground state energy E^°^(1,B) is developed
by a least-squares fitting of the numerical results obtained
35earlier.
For 10^ G < B < 1 0 ^  G, we obtain 
E ° ( 1, B ) = Aj+A?Q '5/2 + A ^ 22+A log q + AC)S21/2 (log u ) ? ;
(2.66)
and for 1010G< ti < 10 12G
E°(1,B) = D,q log q + D„ (log q )2 + D-.(log n)^
J (2.67)
+ ( log £2)^ + (log Q ) ^  ,
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where ft = B/Bq and the energy Is in Rydbergs. The accuracy 
of the fit is better than . 1 5 % -  The constants A ^ , A^ • • • 
are given in Table 7. We note from Eq. (2.65) that as Z 
increases, the upper limit of the range of magnetic fields 
where Eqs. (2.66) and (2.67) remain valid is raised by a 
factor of Z^.
Finally Table 8 gives the ionization energies of
Q 10
one-electron atoms (in RY) for B = 10 G and 10 G, for 
Z < 10, obtained from Eqs. (2.66) and (2.67), respectively, 
and these numbers are plotted on Fig. 4. We note that for 
the larger field the Ionization energy increases almost 
linearly with Z.
2.10. Energy spectrum and bound-bound transition 
probabilities for He II
For the particular case of He II (singly ionized 
helium), values given by Eqs. (2.66) and (2.67) were identi­
cal to those obtained in a separate variational calculation 
of the ground state energy. Also were calculated the energy 
spectrum (first 13 excited states) and bound-bound transition 
probabilities, by the method described in the preceding 
paragraphs (Surrnelian and 0' Connell ^  ) .
Table 9 gives the ground state and ionization energies 
of He II for 10^G< B < 7 x 1 0 ^  G. The ionization energy is 
being obtained from the expression
I (He II) = ^ u > T - E (He II) (2.68)
1j  o
where EQ (He II) is the ground state energy of He II. Table
32
10 gives the energies of the first 13 excited states of He II 
for B = 107 , 10®, 109 G. Figure 5 is a plot of the ioniza­
tion energy of the ground states vs. B. Figure 6 displays 
the energy spectrum of the first 13 excited states vs. B, and
Tables 11, 12, 13 give the bound-bound transition probabili-
8 —  1ties in the dipole-length approximation in 10 sec , for 
fields of 107 , 10®, 109 G. Table 14 lists the few cases 
where the dipole-momentum approximation gave slightly
9
different results for 10 G. We note once more an increase 
of with increasing field strength. Finally, Table lb
lists the variational parameters used to determine the 
states of He II; to achieve convergence values of £ up to 
12 (even parity) and 13 (odd parity) where necessary.
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TABLE 1
S o m e  T h r e s h o l d  F i e l d s  as g i v e n  b y  E q u a t i o n s  ( 2 .3 3) a n d  ( 2 .3 4)
n £ m B , ( G a u s s )  th
1 0 0 3 . 3 2  x  1 0 9
2 1 1 3 . 2 2  x  1 0 ®
0 0 4 . 4 4  x  1 0 ®
3 1 1 1 . 0 2  x  1 0 ®
0 0 1 . 3 3  x  1 0 8
4 1 1 4 . 4 7  x  10
0 0 5 . 6 5  x  1 0 7
5 1 1 2 . 3 5  x 1 0 7
0 0 2 . 9 0  x  1 0 7
6 1 1 1 . 3 9  x  1 0 7
0 0 1 . 6 8  x  1 0 7
7 1 1 8 . 8 3  x  1 0 6
0 0 1 . 0 6  x  1 0 7
8 1 1 5 . 9 9  x  1 0 6
0 0 7. 0 9  x  1 0 6
9 1 J, 4 . 2 4  x  1 0 6
0 0 4 . 9 9  x  1 0 6
10 1 1 3 . 1 1  x  1 0 6
0 0 3 . 6 4  x  1 0 6
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TABLE 2
G r o u n d  S t a t e  E n e r g y  E a n d  I o n i z a t i o n  E n e r g y  E - / W  - E ofo 1 L  o
H y d r o g e n  f or V a r i o u s  V a l u e s  of t h e  M a g n e t i c  F i e l d  B.
B ( G a u s s ) / L  (RY)L E (RY)o E x (eV)
2 . 3 5 0  x  1 0 ® .1 - . 9 9 5 1 1 4 . 9 0
4. 7 0 0  x  1 0 8 .2 - . 9 8 0 8 1 6 . 0 6
1 . 1 7 5  x  1 0 9 .5 - . 8 9 4 4 1 8 . 9 7
2 . 3 5 0  x  1 0 9 1 . 0 - . 6 6 2 3 2 2 . 6 2
4 . 7 0 0  x 1 0 9 2 - . 0 4 4 4 0 2 7 . 8 2
1 . 1 7 5  x 1 0 10 5 2 . 2 4 0 3 7 . 5 6
2 . 3 5 0  x 1 0 10 10 6 . 5 0 5 4 7 . 5 5
3 . 5 2 5  x 1 0 10 15 1 0 . 9 9 5 4 . 6 2
5 . 8 7 5  x 1 0 10 25 2 0 . 2 2 6 4 . 9 8
9 . 4 0 0  x  1 0 10 40 3 4 . 4 1 7 6 . 0 7
2 . 3 5 0  x  1 0 11 10 0 9 2 . 4 4 1 0 2 . 9 0
4 . 7 0 0  x  1 0 11 2 0 0 1 9 0 . 6 2 1 2 7 . 6 8
7 . 0 5 0  x  1 0 11 30 0 2 8 9 . 4 3 1 4 3 . 8 4
E n e r g i e s  of 
S t a t e
t h e  F i r s t  13 
B - l . 1 7 5 x 1 0
T A B L E  3 
E x c i t e d  S t a t e s
7G  B - 4 . 7 x 1 0 7G
3 5
of H y d r o g e n  (in RY) 
B - 1 . 1 7 5 x 1 0 8G  B « 4 . 7 x 1 0 8G
m - 0 2s o - . 2 4 9 8 - . 2 4 7 2 - . 2 3 4 0  - . 0 9 7 8 5
P a r i t y ~ + 3d o - . 1 1 0 8 - . 1 0 7 2 - . 0 9 0 9 6  . 0 5 8 4 3
3s o - . 1 1 0 1 - . 0 9 7 2 7 - . 0 4 9 3 9  . 1 7 7 8
m - 0 2 p o - . 2 4 9 9 - . 2 4 8 8 - . 2 4 2 9  - . 1 7 0 2
P a r i t y = - 3 p o - . 1 1 0 6 - . 1 0 4 7 - . 0 8 2 7 6  . 0 5 2 1 0
m = - l
2 p -l - . 2 5 4 9 - . 2 6 7 6 - . 2 8 6 1  - . 3 0 0 7
P a r i t y = - 3 p -l - . 1 1 5 2 - . 1 1 8 2 - . 1 0 2 5  . 0 2 1 7 4
m =  1
2 p l - . 2 4 4 8 - . 2 2 7 6 - . 1 8 6 1
P a r i t y = - 3 p l - . 1 0 5 2 - . 0 8 4 1 6
m = -  L 
P a r i t y = + 3d-l
- . 1 1 5 6 - . 1 2 4 5 - . 1 2 8 2  - . 0 6 2 2 5
m = - 2
P a r i t y = + 3 d -2 - . 1 2 0 4 - . 1 4 1 4 - . 1 6 3 5  - . 1 6 0 6
m = 2
P a r i t y = + 3 d 2 - . 1 0 0 4 - . 0 7 8 2 1
m =  1 
P a r i t y = + 3 d l - . 1 0 5 6 - . 0 8 4 4 9
TABLE 4
Transition Probability A , from Equation (2.59) for Hydrogen, for B * 102 Gauss
m m
2p-l 2po 2pl 3p-l 3po 3pl
Is Wavelength 1217. A 1210.8 A 1203.9 A 1025.9 A 1021.4 A 1016.1 A0
A , [ l o V 1 ]
m m
7.37(-1)* 7.49(-1) 7.63(-l) 1.99(-1) 2.01(-1) 2.05(-l)
2s Wavelength 21.279 y 1258.3 y 21.46 u 6719.5 A 6529.8 A 6321.9 Ao
A , [ l o V 1]
m m
2.24(-6) 1.08(-11) 2.18(-6) 2.49(-2) 2.70(—2) 2.98(-2)
3d-2
Wavelength 6726.6 A • •  • •  •  • 20.590 y •  • •  •  •
A .  [108s_1] 
m m
7.13(—2) » • • 1.09(-5) • • • • •
3d-l
Wavelength 6528.9 A 6731.9 A • • • 281.95 y 21.373 y • • •
A , [108s_1] 
m m
3.89(-2) 3.55(-2) 2.16(—9) 4.89(—6) •  •  •
3d Wavelength 6341.4 A 6532.8 A 6741.5 A 23.960 y 664.40 y 19.284 y
LJ
A ,  [108s_1] m m
7.70(—3) 5.22(-2) 6.41(-3) 5.91(-8) 4.87(-10) 1.13(-7)
3s
A
Wavelength 6318.6 A 6508.6 A 6715.8 A 21.089 y 239.43 y 21.657 yU
A ,  [108s_1] 
m m
9.35(-3) 2.12(—3) 7.79(—3) 1.52(-5) 3.75(—9) 1.40(-5)
3<11
W a v e l e n g t h * • • 6332.9 A 6528.9 A •  •  • 21.366 y 281.95 y
A ,  [ l o V 1] 
m m
•  •  * 4.26(-2) 3.89C-2) •  •  • 4.90(-6) 2 . 16(-9)
3d2
W a v e l e n g t h *  •  • •  •  • 6328.2 A •  •  • •  • 22.210 y
A ,  J I O V 1] 
m m 8.56(-2) •  •  • •  • 8.72(-6)
*1.0(-1) £ 1.0 x 10_1.
TABLE 5
Q
Transition Probability A , from Equation (2.59) for Hydrogen, for B * 10 Gaussm m  j o .
2p-i 2po 2pl 3p-l 3po 3pl
Is Wavelength 1267.0 A 1204.0 A 1132.7 A 1019.0 A 997.71 A 930.31 A0
A , [108s_1] 
m m
6.87(-1)* 7.82C-1) 9.62(-l) 2.63(—1) 2.43(-l) 3.64(-l)
2s Wavelength 2.0605 y 13.739 u 2.2192 v. 6968.4 A 6079.6 A 4217.7 A0
A , [108s_1] 
m m
2.15(— 3) 8.42(-6) 1.72(—3) 2.29(—3) 3.69(-2) 1.03(-1)
3d_2 Wavelength 7413.5 A • • • • * • 1.7499 y • • • • • •
A . r i o V 1]m m
5.53(-1) • • • • • • 8.26(-3) • • • • • •
3d-l
Wavelength 5905.2 A 7807.1 A * • • 4.4063 y 2.2897 y • • •
A , [ l o V 1]
m m
5.53(—2) 2. 36(—2) 6.05(-4) 1.67(-3) • • •
3drt Wavelength 4870.5 A 6095.1 A 8950.5 A 7.5728 y 12.992 y 1.2452 yU
A , [ l o V 1]m m
1.82 (-2) 6.19C-2) 2.94 (— 3) 6.50(-6) 7.42(-5) 1.43(-3)
3sQ Wavelength 4125.0 A 4970.8 A 6718.9 A 1.9845 y 3.4016 y 2.3147 y
A , [108s_i] 
m m
3.92(-2) 1.1M-2) 9.08(-3) 8.7 7(—3) 1.40(-3) 5.53(—3)
3dl
Wavelength • • • 4511.0 A 5905.2 A • * • 2.0033 y 4.4062 y
A , [ l o V 1]m m
• • • 1.22(-1) 5.53(—2) « • • 2.50(-3) 6.05(-4)
3 d 2 W a v e l e n g t h • • • • • • 4376.7 A • • • • • • 2.7438 y
*
a  , [10V 1]
id  m
_ i
« « « • • • 2.69(-l) • • » • i t 2.14(-3)
*1.0(-1) = 1.0 x 10-1.
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T A B L E  6
8 *1T r a n s i t i o n  P r o b a b i l i t y  A  , [10 s ] f r o m  E q u a t i o n s  ( 2 .5 3) a n d  ( 2 .5 9)m m
g
f o r  H y d r o g e n ,  fo r  B =  10 G a u s s ,  in t h e  D i p o l e  L e n g t h  (L) a n d  D i p o l e
M o m e n t u m  (P) A p p r o x i m a t i o n
T r a n s i t i o n  P L
3 d - r 3 p o 1 . 6 7 ( - 3 ) 1.7 2 ( — 3)
3V 3p-i 6 . 5 0 ( - 6 ) 6 . 7 5 ( - 6 )
3 d o - 3 p o 7 . 4 2 ( - 5 ) 6 . 9 2 ( - 5 )
3V 3pl 1 . 4 3 ( - 3 ) 1 . 4 8 ( - 3 )
3V 3p-i 8 . 7 7 ( - 3 ) 8 . 4 1 ( - 3 )
3s - 3 po o 1 . 4 0 ( - 3 ) 1 • 4 5 ( — 3)
3V 3pl 5. 5 3 ( — 3) 5 . 3 0 (- 3)
3 d r 3 p o 2 . 5 0 ( - 3 ) 2 . 5 6 ( - 3 )
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TABLE 7
P a r a m e t e r s  A p p e a r i n g  i n  Eqs. ( 2 .6 6) a n d  (2.6 7) f o r  t h e  G r o u n d  S t a t e  
E n e r g y  o f  H y d r o g e n  i n  a M a g n e t i c  F i e l d
Ax - -1.00000
A 2 - +  . 4 1 5 5 4 6
A 3 -  - . 0 7 8 3 1 2 6
A  -  +  . 1 5 0 0 9 5  
4
A 5 - - . 0 2 5 0 0 2 4
D x - +  . 2 3 6 0 0 2  
D 2 - - . 7 9 1 1 2 9  
D 3 - + 7 . 3 1 1 7 4  
D 4 - - 4 . 1 3 9 3 9  
D 5 - + 1 . 7 5 4 3 0
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TABLE 8
I o n i z a t i o n  E n e r g i e s  o f  O n e - E l e c t r o n  A t o m s  (in RY) 
Z B  *  1 0 ®  G  B - 1 0 1 2 G
1 1 . 0 3 8 1 1 . 5 7
2 4 . 0 1 3 3 0 . 8 5
3 8 . 9 7 3 5 3 . 3 0
4 1 5 . 9 2 7 7 . 8 9
5 2 4 . 8 6 1 0 4 . 5 6
6 3 5 . 8 0 1 3 3 . 3 3
7 4 8 . 7 2 1 6 3 . 8 9
8 6 3 . 6 5 1 9 5 . 6 2
9 8 0 . 5 6 2 2 7 . 7 2
10 9 9 . 4 8 2 5 9 . 2 7
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T A B L E  9
G r o u n d  S t a t e  E n e r g y  E  a n d  I o n i z a t i o n  E n e r g y  E_ ■ flu , - E o f  H e  II f o ro I L  o
V a r i o u s  V a l u e s  o f  t h e  M a g n e t i c  F i e l d  B
B ( G a u s s )  flu , (RY) E (RY) E T (RY)
L  o  I
i o 7 . 4 2 5  x  I O -2 - 4 . 0 0 0 4 . 0 0 4
i o 8 . 4 2 5  x  1 0 _1 - 3 . 9 9 9 4 . 0 4 2
i o 9 .425 - 3 . 9 7 8 4 . 4 0 3
2 . 3 5 X i o 9 1 - 3 . 8 8 2 4 . 8 8 2
1 . 1 7 5 X i o 10 5 - 2 . 0 8 7 7 . 0 8 7
2 . 3 5 X i o 10 10 1 . 2 2 0 8 . 8 0 0
1 . 1 7 5 X i o 11 50 3 4 . 9 1 1 5 . 0 9
2 . 3 5 X i o 11 10 0 8 0 . 9 0 1 9 . 1 0
2. 70 X i o 11 2 0 0 1 7 5 . 9 3 2 4 . 0 7
7 . 0 5 X i o 11 3 0 0 2 7 2 . 4 7 2 7 . 5 3
TABLE 10
E n e r g i e s of th e F i r s t  13 E x c i t e d  S t a t e s  o f  H e  II (in RY)
S t a t e B =■ 1 0 7 G  B * 1 0 8 G B - 1 0 9 G
2s o - 1 . 0 0 0  - . 9 9 6 7 - . 7 6 2 3
m = 0 3d o - . 4 4 4 4  - . 4 3 9 9 - . 1 7 4 3
p a r i t y = + 3s o - . 4 4 4 3  - . 4 2 7 5 + . 1 1 0 9
m = 0 2P o - 1 . 0 0 0  - . 9 9 8 6 - . 8 8 8 0
p a r i t y = - 3 p o - . 4 4 4 4  - . 4 3 6 6 - . 1 3 5 8
m = -1 2 p -l - 1 . 0 0 4  - 1 . 0 4 0 - . 1 2 1 1
p a r i t y = - 3 p -l - . 4 4 8 5  - . 4 7 1 3 - . 7 2 8 1
m = 1 2 p l - . 9 9 5 7  - . 9 5 4 8 - . 3 6 0 7
p a r i  ty = - 3 p l - . 4 4 0 0  - . 3 8 6 3 . 6 2 1 9
m
p a r i t y
= -1 
= + 3 d -l - . 4 4 8 6  - . 4 7 9 0 - . 4 5 2 6
m
p a r i t y
= -2 
= + 3 d -2 - . 4 5 2 8  - . 5 1 7 7 - . 7 0 3 8
m
p a r i t y
= 2 
= + 3 d 2 - . 4 3 5 8  - . 3 4 7 7 + . 9 9 6 2
m
p a r i t y
= 1 
= + 3 d l - . 4 4 0 1  - . 3 9 4 0 . 3 9 7 4
TABLE 11
Transition Probability A , from Equation (2.59) for He II for B = 10^ G
m m
2p-l 2po 2pl 3p-l 3po 3pl
Is
o
Wavelength
A .  [108s_1] m m
303.16 A 
11.9
302.73 A 
12.0
302.30 
12.0
A 255.72 A 
3.19
255.42 A 
3.20
255.11 A 
3.21
2s Wavelength 21.347 u 5028.0 y 21.392 u 1647.0 A 1634.6 A 1622.0 A0
A , [108s_1] 
m m
0.554 (-6)* 0.424(-13) 0.551(--6) 0.420 0.430 0.440
3d_2 Wavelength 1647.1 A 21.167 uC .
A , [loV1]
m m
1.21 0.256(—5)
3d-l
Wavelength 1634.6 A 1647.2 A 1118.0 y 21.369 y
A , [loV1]
m m
0.619 0.605 0.868(-ll) 0.124(-5)
3d
o
Wavelength
A , [108s_1] 
m m
1622.3 A 
0.115
1634.7 A 
0.832
1647.3
0.110
A 21.968 u 
0.187(-7)
2628.7 y 
0.196(-11)
20.803 y 
0.221(-7)
3s n Wavelength 1621.9 A 1634.3 A 1646.9 A 21.298 y 951.96 y 21.441 yU
A , [loV1]m m 0.137 0.329(-l) 0.131 0.374(—5) 0.150(-10) 0.367(-5)
3d Wavelength 1622.1 A 1634.6 A 21.369 y 1118.0 y
X
A , [108s_ 1 ] 
m m 0.633 0.619 0.124(-5) 0.868(-ll)
3d2
Wavelength 1622.1 A 21.575 y
4m
A , [loV1]
m m 1.27 0.241(-5)
*1.0(-1) = 1.0 x 10_1.
TABLE i2
a
Transition Probability A , from Equation (2.59) for He II for B = 10 G
m m
2p-l 2po 2pl 3p-l 3po 3pl
Iso Wavelength
A [loV1]
m m
306.83 A 
11.6
302.62 A 
12.0
298.26
12.6
A 257.39 A 
3.30
254.89 A 
3.31
251.34 A 
3.54
2so Wavelength
A , [108s-1] 
m m
2.1147 y 
0.565(—3)*
50.610 u 
0. 416(-7)
2.1597 
0.5 30 (-
y
-3)
1728.2 A 
0.372
1621.2 A 
0.448
1487.6 A 
0.584
3d-2
Wavelength
A , [108s'1] 
m m
1739.4 A
1.04
1.9601 y 
0.294(—2)
3d-l Wavelength
A i [108s~1] 
m m
1619.6 A 
0.644
1747.9 A 
0.512
11.785 y 
0.738(—5)
2.1419 y 
0.113(-2)
3do Wavelength
A , [108s~1] 
m m
1513.8 A 
0.142
1625.3 A 
0.847
1763.7 
0. 898(-
A
-1)
2.8861 u 
0.964(-5)
28.137 y 
0.162(—5)
1.6966 y 
0.474(-4)
3s0 Wavelength
A , [108s_1] 
m m
1483.2 A ' 
0.186
1590.1 A 
0.394(-1)
1722.3
0.119
A 2.0709 y 
0.373(—2)
9.9171 y 
0.130(-4)
2.2073 y 
0.308(-2)
3dl
Wavelength
A , [108s_1] 
m m
1502.1 A 
0.807
1619.6
0.644
A 2.1320 y 
0.114(-2)
11.785 y 
0. 738(—5)
3d2
Wavelength
a , [loV1]
m m
1495.9
1.64
A 2.3488 y 
0.171(-2)
*1.0(-1) - 1.0 x 10 1 .
TABLE 13
9
Transition Probability A , from Equation (2.59) for He II for B * 10 Gm m
2 p -l 2po 2p+l 3 p -l 3po 3p+ l
Is
o
W a v e l e n g t h
A. J I O V 1] m m
328.22 A 
11.1
293.93 A 
14.5
251.09 A 
24.8
242.21
3.23
A 236.40
4.01
A 197.45
5.97
A
2s
0
W a v e l e n g t h
A , [108s_1] 
m m
2025.07 A 
0.371
7226.1 A 
0.153(-1)*
2261.1 A 
0.267
1700.0
0.260
A 1449.6
0.886
A 656.10
4.52
A
3d-2
W a v e l e n g t h
A . l l o V 1]m m
1791.6
0.796
1909.4
0.319
A
3d-l W a v e l e n g t h
A , [loV1]m m
1197.9 A 
1.51
2085.5 A 
0.262
4046.5
0.226
A 2867.6 
0.525 (-
A
-1)
3d
o
W a v e l e n g t h
A  , [loV1]m m
867.35 A 
0.903
1272.5 A 
1.18
4873.9 A 
0.525(-2)
1.6889 
0. 393(-
V
-3)
2.3592
0.301(-
u
-2)
1140.6
1.28
A
3s
o
W a v e l e n g t h
A  , [loV1]
m m
687.22 A 
1.21
909.20 A 
8.24
1926.0 A 
0.55K-1)
2679.1
0.323(-
A
-1)
3681.1
0.450
A 1777.3
0.111
A
3d+l W a v e l e n g t h
A  , [loV1]m m
706.51 A 
6.73
1197.9 A 
1.51
1703.0 A 
0.251
4046.5
0.226
A
3d+2 
■*. A/
W a v e l e n g t h
A  f [1° 8 s - 1 ] m  m
669.31 A 
15.3
2426.1
0.155
A
*1.0(-1) - 1.0 x 10'1.
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T A B L E  14 
8 —  1
Transition Probability A , [10 s ] from Equations (2.53) and (2.59) form m
9
H e  II, f o r  B * 10 G, in t h e  D i p o l e  L e n g t h  (L) a n d  t h e  D i p o l e  M o m e n t u m
(p) A p p r o x i m a t i o n s
T r a n s i t i o n  L  P
3d-r3po 0 . 5 2 5 ( - 1 )
*
0 . 5 0 9 ( - l )
3 d o - 3 p - i 0 . 3 9 6 ( - 3 ) 0 . 3 7 6 ( — 3)
3d - 3 p  o o 0 . 3 0 1 ( - 2 ) 0 . 3 5 2 ( — 2)
3V 3pi 1 . 2 8 1 . 2 2
3V 3p-i 0. 3 2 3 ( — 1) 0 . 6 2 0 ( - 2 )
3s - 3 p  o o 0 . 4 5 0 0 . 4 0 0
3V3pi 0 . 1 1 1 0 . 2 1 2 ( - 1 )
3dr3po 0 . 2 5 1 0 . 2 4 3
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TABLE 15
V a r i a t i o n a l  P a r a m e t e r s  f o r  t h e  F i r s t  14 S t a t e s  o f  H e  II
B =■ 1 0 7 G  B - 1 0 8 G  B - 1 0 9 G
.55 .66 .75
. 7 3 3
0000 1 . 1 2 5
1.1 1 . 3 2 2 . 2 5
2.2 2 . 6 4 3 . 3 7 5
.44 .53 4 . 5
.215 .33 . 3 3 7 5
.225
. 1 1 2 5
FIGURE CAPTIONS
Fig. 1
Fig. 2
Fig. 3 
Fig. 4
Fig. 5 
Fig. 6
The ionization (or binding) energy of the ground 
state of hydrogen as a function of the magnetic 
field B calculated using a) perturbation theory, 
b) one variational wavefunction (Eq. 2.35), c) two 
variational wavefunctions (Eq. 2.4l), d) the work 
of Cohen, Lovenquai and Ruderman.
The ionization energy of the ground state of 
hydrogen as a function of the magnetic field B cal­
culated using a) our variational wavefunction (Eq. 
2.43) , b) the work of CLR, c) perturbation theory,
(1) the work of YKA.
The energy spectrum of hydrogen in a magnetic field 
for tin 13 lowest excited states.
The ionization energy of the ground state of one-
electron atoms with 1 < Z < 10 for a magnetic field
Q -| p
B = 10 Gauss and B = 10 Gauss.
The ionization energy of the ground state of He II
as a function of the magnetic field B(curve (a)), 
as compared to that using perturbation theory 
(curvr (b ) ).
Tiie energy spectrum of the 13 lowest excited states 
of He II as a function of B.
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III. QUADRATIC ZEEMAN EFFECT IN THE HYDROGEN 
BALMER LINES FROM DA WHITE DWARFS
3.1. General considerations
The problem of the hydrogen atom in strong magnetic 
fields has a direct astrophysical application to white dwarfs, 
namely the detection of surface magnetic fields expected to 
be, from flux conservation, of the order of 10^ G. DA white 
dwarfs are characterized by strong hydrogen absorption lines 
in their spectra: The Balmer lines are due to transitions
from a lower level of principal quantum number n = 2, and 
are in the visible region of the spectrum. Transitions up 
to n = 10 levels can be observed. In the presence of a 
magnetic field these lines are split into triplets by the 
linear Zeeman effect, reflecting the selection rules on the 
magnetic quantum number rn (Am = 0,±1). However, since 
typical line widths are 30-50 %. the pattern is usually 
unresolved for fields of less than 1C G. The quadratic 
Zeeman term raises the energy levels, this effect being 
stronger for higher values of n, therefore the energy inter­
vals of the transitions from n = 2 levels are increased, and
as a result the whole pattern of the spectral lines moves
214
toward shorter wavelengths (is "blue-shifted"). Preston 
suggested using this effect to detect the presence of strong 
magnetic fields on DA white dwarfs. For that purpose calcu­
lations had to be made of the quadratic Zeeman wavelength
35
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shifts in magnetic fields of about 10^ G, and then compared 
to observations.
2 4 IQ
Preston's expression (Preston, Trimble ) for the
quadratic Zeeman shifts in the hydrogen Balmer absorption
40lines was the Van Vleck formula as used by Jenkins and
1| i
Segrd in their work on the alkali Lyman series. The
quadratic term was taken as a first order perturbation and
the Zeeman shift obtained was
AA (A) = -4.98 x 10_23A2(n4-n'^)(l+m2 )B2 , (3.1)^ o
# O
where Aq is the zero-field wavelength in A, n is the
principal quantum number of the upper level, m = 0 for it
transitions and m = +1 for o transitions. In Preston's
2
original expression terms of order 1/n and the shift of the 
lower level of the Balmer lines were neglected. The term in 
n' = 2 in E q . (3*1) takes the latter into account. In 
addition, Preston considered only absorptions from the 
2s(£=0) level. However, the Balmer series include absorp­
tions from the 2p(£=l) levels as well, while the Lyman
4 2series do not (Hamada). Furthermore, In the Balmer lines
there will be Interference between states of angular momenta
differing by +2 due to the quadratic term in the Hamiltonian,
and thus I will not be a good quantum number. Lamb and 
4 8
Sutherland included these effects in their attempt to
All wavelengths considered in this chapter are 
vacuum wavelengths.
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improve upon Preston's results. However, in their 
calculations n was still taken to be a good quantum number.
3.2. Variational calculation of the higher excited states 
of hydrogen
Clearly in an exact calculation the only conserved
quantities should be parity and the z-component of the
angular momentum, as discussed in the preceding chapter. We
thus extended the variational calculation to the higher
excited states of hydrogen, in fields of 10^ - 5 x 10^ G
(Surmelian and O'Connell ) in order to obtain accurately
the Balmer lines H - H n_. In Tables 16-23 are given thea 10 °
energy levels relevant for Balmer transitions. The labeling 
corresponds to the usual hydrogenic energy levels. In 
Fig. 7 are plotted the energy levels corresponding to a given 
value of n that are raised and lowered the most by the com­
bination of linear and quadratic Zeeman effects. All the 
other levels lie in between. We notice that the lowest 
levels have the largest possible negative value of m, and in 
the hydrogenic labeling the largest *,-state, the highest 
levels have the largest possible positive value of m, with 
the smallest «.-state. We note also that as the field 
increases, there is significant crossing of the levels, and 
therefore, as expected, n ceased to be a good quantum number, 
this effect being more pronounced for higher n values at a 
given field strength.
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To obtain these excited states in B = 5 x 10^ G, 15
Glater orbitals were used (a larger number than for the
ground state) with the summation over £ going up to £ = 11 
(parity = -) and £ = 12 (parity = +). Table 2*4 lists the 
variational parameters used.
3.3. Wavelength displacements of the Balmer lines
The lower levels of the Balmer transitions are 2s and
2pQ ,2p^,2p The selection rules are Am h m - m' = q = 0
( it transitions) and q = ±1 (a transitions). Figure 8 is a
schematic diagram of the 2s - 3p and 2p - 3d transitions.
The quadratic and linear effects on the energy levels are
shown, along with the tt and a transitions.
Now in the Balmer lines all the individual transitions
cannot be seen separately. Rather they consist of smeared
groups of lines with a dense center, corresponding to groups
o f  transitions from n = 2 -> n = 3(Ha) up to n = 2 * n = 10
(H 10). At best one can see a resolved Zeeman triplet, and
the situation will be even more complicated for higher n
values, when inter-n crossings occur. There is clearly the
need to calculate mean transition wavelengths, and this is
done by weighing the individual transition energies by the
squares of the dipole moments which are proportional to 
_ q
w , times the transition probabilities (cf. E q . 2.59).m m
The latter were given by the variational calculation in the 
manner outlined In Chapter II, and the accuracy of the wave- 
functlons was checked by obtaining the same values In the
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dipole-length and the dipole-momentum approximations.
Tables 25-28 give the wavelengths and probabilities of the 
individual Balmer transitions for B = 5 x 10^ G. An alter­
nate weighing of the transition energies with the oscillator 
strengths (proportional to times the square of the
dipole moments) made no appreciable difference. The mean 
transition energy from all four lower levels is thus given 
by
^( 2-*-n;q)
2
= { E E[E(n£;q)-E(2p ,)]|<n£jq|r|2p ,)|
m'=-,1-1 I m m
+ E [E( nil ;q)-E( 2s ) ] | <n£ ;q | r | 2s ) | 2 } (3.2)
I
x { I I | <n£;q | r | 2p ,) | 2 + E | <n£ ;q | r | 2s ) | 2 }_1
m'=0,1-1 I m I
_ A 
= B*
and the mean of the it and a transitions is
E A
p = q~ 0 » 1— 1_ / n t \
(2-n) E ir
q=0,l-l
The quadratic Zeeman energy displacement is written
AEn ,~ . = E,~ . - ( E  + AEt ), (3.4)Q(2-*-n;q) (2+n;q) o L ’ '
and the mean displacement of the tt and o transitions is
<4EQ >(2..n) - E (2.n) - Eo- (3.5)
where E q = (^ - is the transition energy (in Rydbergs)
n^
in the absence of a magnetic field and AE^ = qu^ is the
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linear Zeeman energy displacement. The corresponding 
quadratic Zeeman wavelength shifts are obtained from
and
where
A  A „  , „ v =  A , „  v -  ( A  +  A A r ) (3.6)Q (2-*n; q ) (2-+n;q) o L vj /
< A A j /0 — A / 0 \ - A , (3.7)Q (2->n) (2->-n) o * v J '
»„ - ¥  (3.8)
o
is the zero-field wavelength,
(2-+n;q)  ArX ~ (3.9)
E (2+n;q)
and
<3-10) 
(2-n)
are the wavelengths of the transitions in a magnetic field, 
and
AE.
a>L ° -*o E ' + a e : (3.11)
o L
is the linear Zeeman shift (the energies are in Rydbergs, and
O
Ar y is the Rydberg wavelength = 911-3 A).
Tables 29-32 give the values Ao , A, A A R , AAg^+n-q)
and (AAn ),» \ for the Balmer transitions H to H,^, in
fields of 106 G, 2 x 106 G, 3.2 x 1U6 G and 5 x 106 G . ^
Also shown are values for AA^^^p.q) obtained by Lamb and
h'3 £
Sutherland for B = 10 G, and values for
obtained from Preston's expression (Eq. 3-1) for B = 10^ G
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f \ P
and B = 3.2 x 10 G. Figure 9 is a plot of <AXn) vs. B 
for the lines Ha - He (2+3,-2+7).
We notice that as the field becomes stronger there are 
interference effects between the upper n levels. For these 
cases we have given the values of X(2-*-n;q). For example 
(see Table 31) at B = 3.2 x 10^ G o = -1 transitions to 
n = 10 overlap a = +1 transitions to n = 9. Thus the usual 
procedure to obtain A(2-*-n)’ weighted mean of a and it
transitions, is not valid since one has to define, somewhat 
arbitrarily, regions of the spectrum corresponding to 
transitions to n = 9,10, etc. These interference effects 
will become more important with increasing field strength 
and affect lower values of n and the o and it transitions in 
the spectrum have to be observed separately.
To interpret the white dwarf spectra in terms of the 
effects of the magnetic field one has to keep in mind such 
other effects as the Doppler shift (due to the radial 
velocity of the star), the Stark effect (electric fields 
present on the surface broaden the lines) and the Einstein 
(gravitational) red-shift. In addition, the splitting of 
the lines in a triplet due to the linear Zeeman effect 
cannot in general be resolved for fields B < 10 G. The 
quadratic effect itself will blue-shift the whole pattern, 
i.e. the lines will be displaced towards shorter wave­
lengths, and this is seen to be almost proportional to the
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square of the wavelength, while the other effects are not. 
Thus the quadratic effect offers an independent method to 
obtain the magnitude of the magnetic field on the white 
dwarf surface.
We notice that quadratic wavelength shifts obtained in 
the present work are smaller than those given by earlier 
calculations. The line velocities corresponding to the 
wavelength shifts are given by (Trimble)-5^
C < A A 0 >
AVr = x W , (3-12)
o
where AV and c are in Km-sec  ^ and (AAn ) is given by r y
Eq . (3.7). The mean radial velocity for B = 10^ G thus
derived from the lines H - H (equally weighted) is
Y A
-172 KM-sec  ^ compared to -186 KM-sec  ^ found by using
E q . (3.1)» while Preston's original figure was -188 KM-sec”'*'.
24Preston had set the upper limit of the averaged
5
surface field of magnetic white dwarfs at 6 x 10 G.
45Trimble and Greenstein reported that probable instrumental
25
errors had been neglected in their earlier observations, 
used by Preston, which would lower the limits of the magne­
tic fields to 1 to ? x 10^ Gauss. (See also Borra.*^) At 
any rate, comparison of the smaller quadratic shifts and 
line velocities calculated in the present work with accurate 
observational data would lead to fields stronger than 
previous estimates by perhaps 155S or more, and this would 
bring the values of the estimated fields on DA white dwarfs
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so far observed closer to 10^ G. In addition the shifts at
5 x 10^ G can be especially useful for possible future
observations, to determine fields of that magnitude on white
47
dwarf surfaces. (See Roussel for a detailed discussion of 
white dwarf magnetic fields and their origin.)
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TABLE 16
Energies of the Excited States of Hydrogen (iu RY) with
Parity - m - 0
E n e r g y  S t a t e B - 1 0 6G B - 2 x 1 0 6 G B = 3 . 2 x 1 0 6 G B - 5 x 1 0 6 G
2 p o - . 2 5 0 0
- . 2 5 0 0 - . 2 4 5 0 - . 2 4 5 0 0
3 p o - . 1 1 1 1 - . 1 1 1 1 - . 1 1 1 1
- . 1 1 1 0
4f o - . 0 6 2 5 0 - . 0 6 2 4 9 - . 0 6 2 4 5 - . 0 6 2 3 8
4 p o - . 0 6 2 4 9 - . 0 6 2 4 6 - . 0 6 2 3 6
- . 0 6 2 2 3
5f o - . 0 3 9 9 9 - . 0 3 9 9 5 - . 0 3 9 8 7 - . 0 3 9 7 0
5 p o - . 0 3 9 9 6 - . 0 3 9 9 9 - . 0 3 9 6 0 - . 0 3 9 3 2
6h o - . 0 2 7 7 6 - . 0 2 7 7 0 - . 0 2 7 5 9 - . 0 2 7 3 3
6f o - . 0 2 7 7 4 - . 0 2 7 6 1 - . 0 2 7 3 6 - . 0 2 6 8 0
6p o - . 0 2 7 6 9 - . 0 2 7 5 5 - . 0 2 6 8 8 - . 0 2 6 3 6
7h o - . 0 2 0 3 8 - . 0 2 0 2 8 - . 0 2 0 0 9 - . 0 1 9 6 9
7 fo - . 0 2 0 3 2 - . 0 2 0 0 5 - . 0 1 9 5 4 - . 0 1 8 4 5
7po - . 0 2 0 2 3 - . 0 1 9 9 8 - . 0 1 8 7 1 - . 0 1 7 7 5
8 J 0 - . 0 1 5 5 8 - . 0 1 5 4 4 - . 0 1 5 1 8 - . 0 1 4 6 5
8h o - . 0 1 5 5 2 - . 0 1 5 2 3 - . 0 1 4 0 5 - . 0 1 3 4 3
8f o - . 0 1 5 4 4 - . 0 1 4 9 4 - . 0 1 4 0 2 - . 0 1 2 2 5
8 p o - . 0 1 5 3 1 - . 0 1 4 9 0 - . 0 1 2 8 1 - . 0 1 1 1 0
9 J 0 - . 0 1 2 2 8 - . 0 1 2 0 9 - . 0 1 1 7 6 - . 0 0 9 7 7
9 h o - . 0 1 2 1 7 - . 0 1 1 6 8 - . 0 1 0 8 2 - . 0 0 9 2 2
9f o - . 0 1 2 0 3 - . 0 1 1 1 9 - . 0 0 9 7 8 - . 0 0 8 4 1
9 p o - . 0 1 1 8 3 - . 0 1 1 1 8 - . 0 0 9 2 5 - . 0 0 7 3 5
1 0 £ o - . 0 0 9 9 1 - . 0 0 9 6 6 - . 0 0 8 1 7 - . 0 0 6 6 2
1 0 J o - . 0 0 9 7 8 - . 0 0 9 1 9 - . 0 0 8 1 3 - . 0 0 5 7 2
10 h o - . 0 0 9 6 8 - . 0 0 8 8 7 - . 0 0 7 5 5 - . 0 0 4 9 5
lOf o - . 0 0 9 4 9 - . 0 0 8 2 3 - . 0 0 7 2 3 - . 0 0 4 6 8
lOp o - . 0 0 9 2 1 - . 0 0 8 2 1 - . 0 0 6 3 7 - . 0 0 4 3 3
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TABLE 17
Energies of the Excited States of Hydrogen (in RY) with
Parity « -, m = 1
E n e r g y  S t a t e b - i o 6 g B - 2 x 1 0 6 G B - 3 . 2 x 1 0 6 G B « 5 x 1 0 6 G
2 p l - . 2 4 9 6 - . 2 4 9 2 - . 2 4 8 6 - . 2 4 7 8
3 p l - . 1 1 0 7 - . 1 1 0 2 - . 1 0 9 7 - . 1 0 8 8
4f - . 0 6 2 0 7 - . 0 6 1 6 2 - . 0 6 1 0 6 - . 0 6 0 1 8
4 p l - . 0 6 2 0 5 - . 0 6 1 5 6 - . 0 6 0 9 1 - . 0 5 9 8 3
5f - . 0 3 9 5 5 - . 0 3 9 0 6 - . 0 3 8 4 1 - . 0 3 7 3 1
5 p l - . 0 3 9 5 2 - . 0 3 8 9 3 - . 0 3 8 0 5 - . 0 3 6 5 2
6 h 1 - . 0 2 6 3 2 - . 0 2 6 8 1 - . 0 2 6 1 2 - . 0 2 4 9 4
6f - . 0 2 7 2 9 - . 0 2 6 6 9 - . 0 2 5 8 2 - . 0 2 4 2 6
6 p l - . 0 2 7 2 3 - . 0 2 6 4 7 - . 0 2 5 1 9 - . 0 2 2 8 1
7h - . 0 1 9 9 2 - . 0 1 9 3 3 - . 0 1 8 4 8 - . 0 1 6 9 8
7f - . 0 1 9 8 6 - . 0 1 9 0 6 - . 0 1 7 8 3 - . 0 1 5 5 8
? P 1 - . 0 1 9 7 5 - . 0 1 8 7 1 - . 0 1 6 8 2
- . 0 1 3 3 0
Sj, - . 0 1 5 1 2 - . 0 1 4 4 7 - . 0 1 3 5 0 - . 0 1 1 7 8
8h - . 0 1 5 0 7 - . 0 1 4 2 7 - . 0 1 3 0 6 - . 0 1 0 8 7
8 f l - . 0 1 4 9 6 - . 0 1 3 9 0 - . 0 1 2 1 5 - . 0 0 9 0 9
8 p l - . 0 1 4 8 0 - . 0 1 3 3 2 - . 0 1 0 6 7 - . 0 0 7 9 2
9 j l - . 0 1 1 8 0 - . 0 1 1 0 3 - . 0 0 9 9 0 - . 0 0 6 2 7
9h - . 0 1 1 6 8 - . 0 1 0 6 2 - . 0 0 9 0 1 - . 0 0 5 8 9
9 f l - . 0 1 1 5 1 - . 0 1 0 0 5 - . 0 0 7 7 3 - . 0 0 4 9 5
9 p l - . 0 1 1 2 8 - . 0 0 9 1 5 - . 0 0 7 2 6 - . 0 0 3 9 7
1 0 d 1 - . 0 0 9 4 1 - . 0 0 8 5 5 - . 0 0 6 4 7 - . 0 0 3 3 0
1 0 J 1 - . 0 0 9 3 2 - . 0 0 8 2 1 - . 0 0 5 7 4 - . 0 0 2 6 3
l O h - . 0 0 9 1 7 - . 0 0 7 7 6 - . 0 0 5 6 9 - . 0 0 1 7 1
1 0 f l - . 0 0 8 9 3 - . 0 0 6 9 5 - . 0 0 5 1 3 - . 0 0 0 8 0
1 0 p 1 - . 0 0 8 5 7 - . 0 0 6 6 3 - . 0 0 4 2 0 - . 0 0 0 2 2 4
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TABLE 18
Energies of the Excited States of Hydrogen (in RY) with
Parity ■ -, m * -1
E n e r g y  S t a t e b - i o 6 g B - 2 x 1 0 6 G B « 3 . 2 x 1 0 6 G B « 5 x 1 0 6 G
2 p -l - . 2 5 0 4 - . 2 5 0 9 - . 2 5 1 3 - . 2 5 2 1
3 p -l - . 1 1 1 5 - . 1 1 1 9 - . 1 1 2 4 - . 1 1 3 1
4 f -l - . 0 6 2 9 2 - . 0 6 3 3 2 - . 0 6 3 7 8 - . 0 6 4 4 3
4 p -l - . 0 6 2 9 0 - . 0 6 3 2 6 - . 0 6 3 6 3 - . 0 6 4 0 8
5 f -l - . 0 4 0 4 0 - . 0 4 0 7 6 - . 0 4 1 1 3 - . 0 4 1 5 6
5 p -l - . 0 4 0 3 7 - . 0 4 0 6 3 - . 0 4 0 7 7
- . 0 4 0 7 7
6 h - l - . 0 2 8 1 7 - . 0 2 8 5 1 - . 0 2 8 8 4 - . 0 2 9 1 9
6 f -l - . 0 2 8 1 4 - . 0 2 8 3 9 - . 0 2 8 5 4 - . 0 2 8 5 1
6 p -l - . 0 2 8 0 8 - . 0 2 8 1 7 - . 0 2 7 9 1 - . 0 2 7 0 6
7 h -l - . 0 2 0 7 7 - . 0 2 1 0 3 - . 0 2 1 2 0 - . 0 2 1 2 3
7 f_! - . 0 2 0 7 1 - . 0 2 0 7 6 - . 0 2 0 5 5 - . 0 1 9 8 3
? P -1 - . 0 2 0 6 0 - . 0 2 0 4 1 - . 0 1 9 5 4 - . 0 1 7 5 5
8:i-l - . 0 1 5 9 7 - . 0 1 6 1 7 - . 0 1 6 2 2 - . 0 1 6 0 3
8 h -l - . 0 1 5 9 2 - . 0 1 5 9 7 - . 0 1 5 7 8 - . 0 1 5 1 2
8 f -l - . 0 1 5 8 1
- . 0 1 5 6 0 - . 0 1 4 8 7 - . 0 1 3 3 4
8 p -l - . 0 1 5 6 5 - . 0 1 5 0 2 - . 0 1 3 3 9
- . 0 1 2 1 7
9 ^ - l - . 0 1 2 6 5 - . 0 1 2 7 3 - . 0 1 2 6 3 - . 0 1 0 5 2
9 h -l - . 0 1 2 5 3 - . 0 1 2 3 2 - . 0 1 1 7 3 - . 0 1 0 1 5
9 f -l - . 0 1 2 3 6 - . 0 1 1 7 6 - . 0 1 0 4 4 - . 0 0 9 1 2
9 p -l - . 0 1 2 1 3 - . 0 1 0 8 5 - . 0 0 9 9 8 - . 0 0 8 2 2
1 0 £ _i - . 0 1 0 2 6 - . 0 1 0 2 5 - . 0 0 9 1 9 - . 0 0 7 5 5
1 0 J -1 - . 0 1 0 1 7 - . 0 0 9 9 1 - . 0 0 8 4 6 - . 0 0 6 8 8
lOh - . 0 1 0 0 2 - . 0 0 9 4 6 - . 0 0 8 4 1 - . 0 0 5 9 7
1 0 f -l - . 0 0 9 7 9 - . 0 0 8 6 5 - . 0 0 7 8 4 - . 0 0 5 0 6
1 0 P _ 1 - . 0 0 9 4 6 - . 0 0 8 3 4 - . 0 0 6 9 1 - . 0 0 4 4 8
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T A B L E  19
E n e r g i e s  o f  t h e  E x c i t e d  S t a t e s  o f  H y d r o g e n  (In RY )  w i t h
P a r i t y  -  +, m  * 0
E n e r g y  S t a t e b - i o 6 g B - 2 x 1 0 6 G B « 3 . 2 x 1 0 6 G B - 5 x 1 0 6 G
2s o - . 2 5 0 0 0 - . 2 5 0 0 0 - . 2 4 9 9 9 - . 2 4 9 9 7
3d o - . 1 1 1 1 - . 1 1 1 1 - . 1 1 1 1 - . 1 1 1 1
3s o - . 1 1 1 1 - . 1 1 1 1 - . 1 1 1 1 - . 1 1 1 0
4d o - . 0 6 2 4 9 - . 0 6 2 4 7 - . 0 6 2 4 3 - . 0 6 2 3 3
4s o - . 0 6 2 4 8 - . 0 6 2 4 2 - . 0 6 2 3 0 - . 0 6 2 0 4
5 J o - . 0 3 9 9 9 - . 0 3 9 9 6 - . 0 3 9 9 0 - . 0 3 9 7 5
5 d o - . 0 3 9 9 8 - . 0 3 9 9 0 - . 0 3 9 7 5 - . 0 3 9 4 0
5s o - . 0 3 9 9 4 - . 0 3 9 8 1 - . 0 3 9 5 1
- . 0 3 & 8 1
6 j O - . 0 2 7 7 6 - . 0 2 7 7 0 - . 0 2 7 5 7
- . 0 2 7 2 9
6d o - . 0 2 7 7 2 - . 0 2 7 5 3 - . 0 2 7 1 7 - . 0 2 6 3 5
6s o - . 0 2 7 6 5 - . 0 2 7 3 9 - . 0 2 6 7 8
- . 0 2 5 3 3
7i o - . 0 2 0 3 8 - . 0 2 0 2 9 - . 0 2 0 1 0 - . 0 1 9 7 1
?J 0 - . 0 2 0 3 4 - . 0 2 0 1 5 - . 0 1 9 7 6 - . 0 1 8 9 1
7d o - . 0 2 0 2 8 - . 0 1 9 8 3 - . 0 1 9 1 8 - . 0 1 7 6 6
7s o - . 0 2 0 1 7 - . 0 1 9 6 8 - . 0 1 8 1 5 - . 0 1 5 3 6
81 o - . 0 1 5 5 8 - . 0 1 5 4 4 - . 0 1 5 1 8 - . 0 1 4 6 5
8 Jo - . 0 1 5 5 0 - . 0 1 5 1 3 - . 0 1 4 4 5 - . 0 1 3 1 0
8d o - . 0 1 5 3 9 - . 0 1 4 7 9 - . 0 1 2 4 6 - . 0 1 1 0 4
8s o - . 0 1 5 2 3 - . 0 1 4 3 9 - . 0 1 2 4 6 - . 0 1 1 0 4
9 k o - . 0 1 2 3 6 - . 0 1 2 0 9 - . 0 1 1 7 3 - . 0 0 9 3 2
91 o - . 0 1 2 2 2 - . 0 1 1 7 7 - . 0 1 0 9 5 - . 0 0 9 4 7
9 * o - . 0 1 2 1 5 - . 0 1 1 4 5 - . 0 1 0 3 2 - . 0 0 8 0 8
9d o - . 0 1 2 0 0 - . 0 1 0 9 9 - . 0 0 9 1 8 - . 0 0 7 8 9
9s o - . 0 1 1 7 9 - . 0 1 0 3 7 - . 0 0 8 9 9 - . 0 0 6 5 2
1 0 k o - . 0 0 9 8 9 - . 0 0 9 5 9 - . 0 0 8 0 1 - . 0 0 6 0 3
1 0 1 o - . 0 0 9 7 3 - . 0 0 9 0 8 - . 0 0 7 1 9 - . 0 0 5 3 3
1 0 ^ O - . 0 0 9 5 6 - . 0 0 8 5 3 - . 0 0 7 0 2 - . 0 0 4 1 8
lO d o - . 0 0 9 3 1 - . 0 0 7 9 2 - . 0 0 6 8 3 - . 0 0 4 0 6
10s o - . 0 0 8 8 6 - . 0 0 7 6 6 - . 0 0 5 8 2 - . 0 0 2 6 9
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TABLE 20
Energies of the Excited States of Hydrogen (in RY) with
Parity ■ +, m ■ 1
E n e r g y  S t a t e b - i o 6 g B - 2 x 1 0 6G B - 3 . 2 x 1 0 6 G B - 5 x 1 0 6 G
3 d l - . I I O 7 - . 1 1 0 2 - . 1 0 9 7 - . 1 0 8 9
4d - . 0 6 2 0 6 - . 0 6 1 6 0 - . 0 6 1 0 1 - . 0 6 0 0 5
5g, - . 0 3 9 5 6 - . 0 3 9 0 9 - . 0 3 8 4 8 - . 0 3 7 4 8
5 d l - . 0 3 9 5 4 - . 0 3 9 0 0 - . 0 3 8 2 8 - . 0 3 2 0 0
6 g - . 0 2 2 3 1 - . 0 2 6 7 8 - . 0 2 6 0 4 - . 0 2 4 7 6
6 d l - . 0 2 7 26 - . 0 2 6 5 8 - . 0 2 5 6 4 - , 0 2 3 7 6
71 - . 0 1 9 9 3 - . 0 1 9 3 6 - . 0 1 8 5 5 - . 0 1 7 11
7 g l - . 0 1 9 8 9 - . 0 1 9 2 1 - . 0 1 8 1 8 - . 0 1 6 3 3
7d - . 0 1 9 8 1 - . O I 887 - . 0 1 75 7 - . 0 1 4 6 8
81 - . 0 1 5 1 1 - . 0 1 4 4 4 - . 0 1 3 4 6 - . 0 1 1 7 2
8 g 1 - . 0 1 5 0 2 - . 0 1 4 1 0 - . 0 1 2 6 8 - . 0 1 0 1 6
8 d l - . 0 1 4 8 9 - . 0 1 3 5 8 - . 0 1 1 70 - . 0 0 795
9 k l - . 0 1 1 8 0 - . 0 1 1 0 5 - . 0 0 9 9 3 - . 0 0 2 6 9
9i -. O l l M - . 0 1 0 8 0 - . 0 0 9 3 6 - . 0 0 6 7 3
9 g l - . 0 1 1 6 1 - . 0 1 0 3 5 - . 0 0 8 4 5 - . 0 0 5 3 7
9 d l - . 0 1 1 4 0 - . 0 0 9 6 2 - . 0 0 7 2 1 - . 0 0 4 8 6
10k - . 0 0 9 4 1 - . 0 0 8 5 4 - . 0 0 6 8 3 - . 0 0 3 3 7
101 - . 0 0 9 2 6 - . 0 0 8 0 5 - . 0 0 6 2 5 - . 0 0 2 4 0
i o g 1 - . 0 0 9 0 6 - . 0 0 7 39 - . 0 0 5 2 1 - . O O 227
lOd - . 0 0 8 2 8 - . 0 0 6 6 3 - . 0 0 4 9 6 - . 0 0 1 0 9
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TABLE 21
Energies of the Excited States of Hydrogen (in RY) with
Parity « +, m - -1
E n e r g y  S t a t e b - i o 6 g B - 2 x 1 0 6 G B - 3 . 2 x 1 0 6 G B « 5 x 1 0 6G
3 d -l - . 1 1 1 5 - . 1 1 2 0 - . 1 1 2 4 - . 1 1 3 2
4 d -l - . 0 6 2 9 1 - . 0 6 3 3 0 - . 0 6 3 7 3 - . 0 6 4 3 0
5 g - l - . 0 4 0 4 1 - . 0 4 0 7 9 - . 0 4 1 2 0 - . 0 4 1 7 3
5 d -l - . 0 4 0 3 9 - . 0 4 0 7 0 - . 0 4 1 0 0 - . 0 4 1 2 5
6 g -l - . 0 2 8 1 6 - . 0 2 8 4 8 - . 0 2 8 7 6 - . 0 2 9 0 1
6 d -l - . 0 2 8 1 1 - . 0 2 8 2 9 - . 0 2 8 3 6 - . 0 2 8 0 7
7 i -l - . 0 2 0 7 8 - . 0 2 1 0 6 - . 0 2 1 2 7 - . 0 2 1 3 6
7 g -l - . 0 2 0 7 4 - . 0 2 0 9 1 - . 0 2 0 9 0 - . 0 2 0 5 8
7 d -l - . 0 2 0 6 6 - . 0 2 0 5 7 - . 0 2 0 1 0 - . 0 1 8 9 3
8 i -l - . 0 1 5 9 6 - . 0 1 6 1 4 - . 0 1 6 1 8 - . 0 1 5 9 7
8 g - l - . 0 1 5 8 7 - . 0 1 5 8 0 - . 0 1 5 4 0 - . 0 1 4 4 1
8 d -l - . 0 1 5 7 4 - . 0 1 5 2 8 - . 0 1 4 4 2 - . 0 1 2 2 0
9 k -l - . 0 1 2 6 5 - . 0 1 2 7 5 - . 0 1 2 6 4 - . 0 1 1 9 4
9 i -l - . 0 1 2 5 9 - . 0 1 2 5 0 - . 0 1 2 0 8 - . 0 1 0 9 8
9 g _l - . 0 1 2 4 6 - . 0 1 2 0 5 - . 0 1 1 1 6 - . 0 0 9 6 2
9 d -l - . 0 1 2 2 5 - . 0 1 1 3 2 - . 0 0 9 9 9 - . 0 0 9 1 1
10k. - . 0 1 0 2 6 - . 0 1 0 2 4 - . 0 0 9 5 5 - . 0 0 7 6 2
1 0 i -l - . 0 1 0 1 1 - . 0 0 9 7 5 - . 0 0 8 9 7 - . 0 0 6 6 5
l ° g _ ! - . 0 0 9 9 1 - . 0 0 9 0 9 - . 0 0 7 9 3 - . 0 0 6 5 2
lO d - . 0 0 9 6 3 - . 0 0 8 3 3 - . 0 0 7 6 8 - . 0 0 5 3 4
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TABLE 22
Energies of the Excited States of Hydrogen (in RY) with
Parity * +, m * 2
Energy State b-io6g B-2xl06G B-3.2x 106G B-5x 106G
3d2
-.1103 -.1094 -.1083 -.1067
4d2 -.06163 -.06072 -.05958 -.05777
5*2 -.03913 -.03822 -.03706 -.03523
- 2
-.03910 -.03809 -.03675 -.03446
6 g2 -.02687 -.02586 -.02452 -.022251 
CM -.02681 -.02561 -.02390 -.02082
7i2
-.01949 -.01846 -.01706 -.01468
?g 2 -.01944 -.01824 -.01654 -.01360
- 2
-.01933 -.01783 -.01555 -.01138
8i 2
-.01465 -.01346 -.01178 -.00892
»g2 -.01455 -.01306 -.01087 -.00711
sd 2 -.01438 -.01244 -.00942 -.00504
9 k 2
-.01135 -.01007 -.00824 -.00408
9 *2
-.01127 -.009795 -.00768 -.00398
9 «2
-.01110 -.00921 -.00645 -.00208
9 d 2
-.01087 -.00856 -.00538 -.00102
10k -.00892 -.00746 -.00449 -.00019
10i2 -.00876 -.00694 -.00438 .00109
l°g2 -.00856 -.00615 -.00319 .00174
10d2 -.00822 -.00551 -.00284 .00225
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TABLE 23
Energies of the Excited States of
Parity • +, m ;
H y d r o g e n  (in RY )  w i t h  
• - 2
E n e r g y  S t a t e s b - i o 6 g B - 2 x 1 0 6 G B - 3 . 2 x 1 0 6 G B - 5 x 1 0 6 G
3 d -2 - . 1 1 2 0 - . 1 1 2 8 - . 1 1 3 8 - . 1 1 5 2
4 d -2 - . 0 6 3 3 3 - . 0 6 4 1 2 - . 0 6 5 0 2 - . 0 6 6 2 7
5 g _ 2 - . 0 4 0 8 3 - . 0 4 1 6 2 - . 0 4 2 5 0 - . 0 4 3 7 3
5 d -2 - . 0 4 0 8 0 - . 0 4 1 4 9 - . 0 4 2 1 9 - . 0 4 2 9 6
6 8 -2 - . 0 2 8 5 7 - . 0 2 9 2 6 - . 0 2 9 9 6 - . 0 3 0 7 5
6 d _ 2 - . 0 2 8 5 1 - . 0 2 9 0 2 - . 0 2 9 3 4 - . 0 2 9 3 2
7 i -2 - . 0 2 1 1 9 - . 0 2 1 8 6 - . 0 2 2 5 0 - . 0 2 3 1 8
? 8 -2 - . 0 2 1 1 4 - . 0 2 1 6 4 - . 0 2 1 9 8 - . 0 2 2 0 9
7 d - 2 - . 0 2 1 0 4 - . 0 2 1 2 4 - . 0 2 0 9 9 - . 0 1 9 8 8
8 i -2 - . 0 1 6 3 5 - . 0 1 6 8 6 - . 0 1 7 2 2 - . 0 1 7 4 2
8 8 -2 - . 0 1 6 2 5 - . 0 1 6 4 6 - . 0 1 6 3 1 - . 0 1 5 6 0
8 d -2 - . 0 1 6 1 0 - . 0 1 5 8 4 - . 0 1 4 8 6 - . 0 1 3 5 4
9 k  2 - . 0 1 3 0 5 - . 0 1 3 4 7 - . 0 1 3 6 8 - . 0 1 2 5 8
- - 2 - . 0 1 2 9 7 - . 0 1 3 1 9 - . 0 1 3 1 2 - . 0 1 2 4 8
9 ^-2 - . 0 1 2 8 2 - . 0 1 2 6 1 - . 0 1 1 8 9 - . 0 1 0 5 8
9 d -2 - . 0 1 2 8 7 - . 0 1 1 7 6 - . 0 1 0 8 2 - . 0 1 0 1 2
i ° k _ 2 - . 0 1 0 6 2 - . 0 1 0 8 6 - . 0 0 9 9 3 - . 0 0 8 6 9
1 0 i -2 - . 0 1 0 4 6 - . 0 1 0 3 4 - . 0 0 9 8 2 - . 0 0 7 4 1
1 0 g - 2 - . 0 1 0 2 5 - . 0 0 9 5 5 - . 0 0 8 6 1 - . 0 0 6 7 6
1 0 d _ 2 - . 0 0 9 9 2 - . 0 0 8 9 1 - . 0 0 8 2 8 - . 0 0 6 2 5
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TABLE 24
V a r i a t i o n a l  P a r a m e t e r s  f o r  t h e  H i g h e r  E x c i t e d  S t a t e s  o f  H y d r o g e n
P a r i t y  - +  P a r i t y  -  -
m  ■ 0  m  = 1 , - 1 , 2 , - 2  m  = 0 , 1 , - 1
.1000 .1000 .1000
.1111 .1111 .1111
. 1 2 5 0  . 1 2 5 0  . 1 2 5 0
. 1 4 2 8  . 1 4 2 8  . 1 4 2 8
. 1 6 6 6  . 1 6 6 6  . 1 6 6 6
.2000 .2000 .2000
. 2 5 0 0  . 2 5 0 0  . 2 5 0 0
. 3 3 3 3  . 3 3 3 3  . 3 3 3 3
. 5 0 0 0  . 5 0 0 0  . 5 0 0 0
1.000 1.000 1.000 
.1000 .1000 .1000
.0 6 6 6  . 0 7 0 0  . 0 8 0 0
. 0 3 0 3  . 0 4 0 0  . 0 5 5 0
. 0 5 0 0  . 0 6 0 0  . 0 7 2 0
. 0 2 0 0  .004 . 0 4 0
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TABLE 25
8 “1
Transition Probabilities A , (in 10 sec ) for Hydrogenm m
f o r  B = 5 x  1 0 ^ G  w i t h  2 s q  at t h e  L o w e r  E n e r g y  S t a t e
H i g h e r
S t a t e
W a v e -
L e n g t h
(A)
A  , m m
H i g h e r
S t a t e
W a v e -
L e n g t h
(A)
A  , m m
H i g h e r
S t a t e
W a v e -
L e n g t h
(A)
A  , m m
3po
6558.8 .02689
3pl
6456.3 .02821
3p-l
6656.7 .02573
4f
o
4857.8 .00401 4f 4801.5 .00074
4f-l
4911.5 .00069
4po
4853.9 .00765
4pl
4792.7 .01143
4p-l
4902.3 .01068
5f
o
4333.8 .00282 5f 4285.2 .00074
5f-l
4372.5 .00069
5po
4326.1 .00327 5 p i 4269.3 .00575 5p-l
4356.0 .00541
6h
o
4093.0 .00113 6h1 4049.5 .00010 6 h  1 4127.4 .00010
6f
o
4083.3 .00097 6f 4037.4 .00057 6 f -l 4114.8
.00054
6po
4075.2 .00157
6pl
4011.6 .00343 6p_1 4088.0 .00324
7h
o
3957.2 .00087 7h 3911.2 .00014
7h-l
3983.8 .00134
Ito 3936.1 .00075 7f 3887.9 .00049 7f-l 3959.7 .00047
7po
3924.2 .00079
?P1
3850.4 .00228
7p-l
3920.8 .00216
8J o 3872.5 .00065 Sj 3825.8 .00009 8j-l 3895.3 .00009
8h
o
3852.6 .00022 8h 3811.3 .00012 8h 3880.3 .00011
8f
o
3833.3 .00035 8f 3783.1 .00040
8f-l
3851.0 .00038
8po
3815.0 .00061
8pl
3764.8 .00015
8p-l
3832.1 .00014
9Jo
3793.8 .00030 9 j l 3739.3 .00003 9j-l 3805.6 .00003
9h
o
3785.2 .00015 9 h l 3733.8 .00157 9h-l 3799.8 .00149
9f
o
3772.5 .00061 9 f l 3719.1 .00011 9f-l 3784.8 .00011
9 » o 3755.9 .00030 9pl 3704.4 .00041 9p-l 3769.5 .00039
10£
o
3744.7 .00013 10£ 3694.4 .00010 1 0 £ _1 3759.1 .00009
1QJo
3731.0 .00046
10 j l
3684.3 .00008
10J-1
3748.7 .00003
lOh
o
3719.3 .00006 lOh 3670.7 .00032 iOh 3734.7 .00030
lOf
o
3715.1 .00034 1 0 f l 3657.3 .00003 10f-l 3720.8 .00003
lOp
o
3710.0 .00031 10px 3648.8 .00025 i o p . i 3712.0 .00024
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TABLE 26
8 *“1T r a n s i t i o n  P r o b a b i l i t i e s  A  , (i n  10 s e c  ) f o r  H y d r o g e n
^ 01 ID
for B = 5 x  10 G  w i t h  2 p Q as t h e  L o w e r  E n e r g y  S t a t e
W a v e - W a v e - W a v e -
H i g h e r
S t a t e
L e n g t h
(A)
A  , m  m
H i g h e r
S t a t e
L e n g t h
(A)
A ,m m
H i g h e r
S t a t e
L e n g t h
(A)
A  ,m m
3d o 6 5 5 9 . 6 . 0 5 2 0 4 3 d l 6 4 5 9 . 2 . 0 4 0 5 4 3 d -l 6 6 5 9 . 8 . 0 3 6 9 8
3 8
o 6 5 5 4 . 4 . 0 0 2 0 7
4d o 4 8 5 6 . 1 . 0 1 6 2 9 4 d x 4 7 9 7 . 8 . 0 1 2 8 9 4 d -l 4 9 0 7 . 6 . 0 1 2 0 4
4 s o 4 8 4 7 . 8 . 0 0 1 2 9
5 g o 4 3 4 4 . 4 . 0 0 4 2 1 5 g l 4 2 8 8 . 2 . 0 0 0 9 4 5 g -l 4 3 7 5 . 7 . 0 0 0 8 8
5 d o 4 3 2 7 . 2 . 0 0 3 1 1 5 d l 4 2 7 8 . 6 . 0 0 5 0 9 5 d -l 4 3 6 5 . 7
. 0 0 4 8 0
5 s o 4 3 1 5 . 3 . 0 0 0 8 9
6 g O 4 0 9 2 . 0 . 0 0 2 8 4 6 g l 4 0 4 6 . 0 . 0 0 0 9 6 6 g - l 4 1 2 3 . 8 . 0 0 0 9 0
6d o 4 0 7 4 . 8 . 0 0 1 1 4 6 d l 4 0 2 8 . 1 . 0 0 2 5 3 6 d -l
4 1 0 6 . 4 . 0 0 2 3 9
6 s o 4 0 5 6 . 2 . 0 0 0 6 8
7i o 3 9 5 7 . 2 . 0 0 1 5 7 7 i l 3 9 1 3 . 1 . 0 0 0 2 8 7 1 -1
3 9 8 5 . 8 . 0 0 2 6 1
7 g o 3 9 4 3 . 5 . 0 0 0 5 2 7 g l 3 9 0 0 . 1 . 0 0 0 6 4 7 g -l 3 9 7 2 . 3
. 0 0 0 6 1
7d o 3 9 2 2 . 3 . 0 0 0 3 1 7 d f 3 8 7 2 . 7 . 0 0 1 3 6 7 d -l 3 9 4 3 . 9 . 0 0 1 2 8
7s
o 3 8 8 3 . 9 . 0 0 0 6 0
8i o 3 8 7 2 . 2 . 0 0 1 1 8 8 i l 3 8 2 4 . 6 . 0 0 0 3 5 8 1 - 1 3 8 9 4 . 1 . 0 0 0 3 4
8 « o 3 8 4 6 . 8 . 0 0 0 2 9 8 g l 3 7 9 9 . 7 . 0 0 0 5 0 8 g -l 3 8 6 8 . 3
. 0 0 0 4 8
8 clo 3 8 1 6 . 1 . 0 0 0 0 8 8 d l 3 8 6 5 . 0 . 0 0 0 2 0 8d 3 8 3 7 . 3 . 0 0 0 1 9
8s o 3 8 1 3 . 6 . 0 0 0 9 3
9k o 3 7 8 6 . 5 . 0 0 0 0 3 9 k l 3 7 6 1 . 0 . 0 0 0 7 6 9 k -l 3 8 2 8 . 1
. 0 0 0 7 2
9i o 3 7 7 3 . 0 . 0 0 0 2 9 9 i l 3 7 4 6 . 0 . 0 0 0 1 7 9 i - l 3 8 1 2 . 7 . 0 0 0 1 6
9 g o 3 7 6 7 . 1 . 0 0 1 1 4 9 g l 3 7 2 5 . 3 . 0 0 0 0 3 9 g -l 3 7 9 1 . 2 . 0 0 0 0 3
9d o 3 7 6 4 . 1 . 0 0 0 0 7 9 d l 3 7 1 7 . 6 . 0 0 0 7 0 9 d -l 3 7 8 3 . 2 . 0 0 0 6 6
9 s o 3 7 4 2 . 9 . 0 0 0 3 0
10k o 3 7 3 5 . 4 . 0 0 0 2 3 10 k 3 6 9 5 . 1 . 0 0 0 0 0 10k 3 7 5 9 . 9 . 0 0 0 0 0
101 o 3 7 2 4 . 7 . 0 0 0 2 7 “ ‘i
3 6 8 0 . 6 . 0 0 0 1 6 1 0 i _i 3 7 4 4 . 9 . 0 0 0 1 5
1 0 g o 3 7 0 7 . 2 . 0 0 0 6 0 1 0 gl 3 6 7 8 . 7 . 0 0 0 3 9 i O g - i 3 7 4 3 . 0 . 0 0 0 3 7
lOd o 3 7 0 5 . 4 . 0 0 0 1 0 1 0 d 1 3 6 6 1 . 3 . 0 0 0 5 1 lOd 3 7 2 4 . 9 . 0 0 0 4 8
10s o 3 6 8 4 . 9 . 0 0 0 0 1
TABLE 27
8 “1T r a n s i t i o n  P r o b a b i l i t i e s  A  , (in 10 s e c  ) f o r  H y d r o g e n  
6 m mf o r  B = 5 x  10 G  w i t h  2 p^ as the L o w e r  E n e r g y  S t a t e
H i g h e r
S t a t e
W a v e -
L e n g t h
(A) A  ,m m
H i g h e r
S t a t e
W a v e -
L e n g t h
(A) A  ,m m
H i g h e r
S t a t e
W a v e -
L e n g t h
(A) A  ,m m
3d 6 5 5 6 . 6 . 0 3 6 7 2 3 d 2 6 4 5 7 . 9 . 0 8 1 1 5 3d o 6 6 6 2 . 1 . 0 0 6 7 0
3s o 6 6 5 6 . 8 . 0 0 8 0 4
4d 4 6 5 2 . 4 . 0 1 2 4 6 A d 2 4 9 7 4 . 1 . 0 2 5 9 0 4d o 4 9 1 2 . 1 . 0 0 1 5 4
4s o 4 9 0 3 . 6 . 0 0 3 4 9
5gl 4 3 3 1 . 8 . 0 0 0 9 1 5 g 2 4 2 8 5 . 9 . 0 0 0 4 0 5go 4 3 7 9 . 0 . 0 0 0 4 2
5 d 4 3 2 2 . 0 . 0 0 4 9 4 5 d 2 4 2 7 0 . 5 . 0 1 1 9 0 5d o 4 3 7 1 . 6 . 0 0 0 1 5
5s o 4 3 5 9 . 4 . 0 0 1 8 7
6 g l 4 0 6 4 . 8 . 0 0 0 9 3 6 g 2 4 0 3 9 . 4 . 0 0 0 5 2 6gO 4 1 3 1 . 6 . 0 0 0 2 7
6d 4 0 6 6 . 6 . 0 0 2 4 6 6 d2 4 0 1 3 . 9 . 0 0 6 8 3 6d o 4 1 1 4 . 2 . 0 0 0 0 2
6s o 4 0 9 5 . 2 . 0 0 1 1 9
7i 3 9 4 9 . 4 . 0 0 0 2 7 7 i 2 3 9 0 8 . 2 . 0 0 0 0 5 7i o 3 9 9 4 . 3 . 0 0 0 1 4
7gl 3 9 3 6 . 1 . 0 0 0 6 2 7g2 3 6 9 0 . 1 . 0 0 0 5 5 7go 3 9 8 0 . 4 . 0 0 0 0 3
7d 3 9 0 6 . 2 . 0 0 1 3 2 7 d 2 3 6 5 3 . 6 . 0 0 4 4 9 7d o 3 9 5 8 . 8 .0 0 0 0 0
7s o 3 9 1 9 . 6 . 0 0 0 8 6
81 3 6 5 9 . 2 . 0 0 0 3 4 8 i 2 3 6 1 4 . 0 . 0 0 0 1 2 7 8i o 3 9 0 7 . 7 . 0 0 0 1 0
8gl 3 6 3 3 . 9 . 0 0 0 4 9 8 g 2 3 7 8 5 . 2 . 0 0 0 5 8 8go 3 8 8 1 . 8 .0 0 0 0 0
8d 3 7 9 6 . 6 . 0 0 0 1 9 8d2 3 7 5 3 . 0 . 0 0 0 0 8 8d o 3 8 5 0 . 6 . 0 0 0 0 8
8s o 3 8 4 8 . 0 . 0 0 0 0 3
9kl 3 7 9 4 . 4 . 0 0 0 7 4 9kl 3 7 3 8 . 3 . 0 0 0 1 8 9 k o 3 8 2 0 . 4 .0 0 0 0 0
9i 3 7 7 9 . 3 . 0 0 0 1 7 9 ^2 3 7 3 6 . 7 . 0 0 2 9 5 9i o 3 8 0 6 . 8 . 0 0 0 0 3
9gl 3 7 5 8 . 2 . 0 0 0 0 3 9g2 3 7 0 7 . 9 . 0 0 0 2 0 9go 3 8 0 0 . 7 . 0 0 0 2 0
9dl 3 7 5 0 . 3 . 0 0 6 8 1 9d2 3 7 0 0 . 9 . 0 0 0 6 5 9d o 3 7 9 7 . 7 . 0 0 0 4 3
9s o 3 7 7 6 . 1 . 0 0 0 0 1
10k 3 7 2 7 . 4 .0 0 0 0 0 1 0 k 2 3 6 7 9 . 6 . 0 0 0 1 3 1 0 k o 3 7 6 8 . 4 . 0 0 0 1 4
IOi 3 7 1 2 . 7 . 0 0 0 1 5 1 0 i 2 3 6 6 0 . 6 . 0 0 0 3 0 IOi o 3 7 5 7 . 6 . 0 0 0 0 1
i o g x 3 7 1 0 . 6 . 0 0 0 3 6 i o g 2 3 6 5 1 . 1 . 0 0 0 2 5 l ° g 0 3 7 3 9 . 8 . 0 0 0 0 1
lOd 3 6 9 3 . 0 . 0 0 0 4 9 1 0 d 2 3 5 9 8 . 3 . 0 0 0 6 1 lOd o 3 7 3 7 . 9 . 0 0 0 0 5
10s 3717.0 .00005
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TABLE 28
8 —IT r a n s i t i o n  P r o b a b i l i t i e s  A  , (in 10 s e c  ) f o r  H y d r o g e n  
6 m mf o r  B = 5 x  10 G  w i t h  2p a s  t h e  L o w e r  E n e r g y  S t a t e
W a v e - W a v e - W a v e -
H i g h e r L e n g t h A H i g h e r L e n g t h A H i g h e r L e n g t h A
S t a t e a) m ' m S t a t e (A) m ' m S t a t e (A) m ' m
3 d -l 6 5 5 8 . 6 . 0 3 8 7 2 3d o
3s 0
6 4 6 1 . 4
6 4 5 6 . 4
. 0 0 7 3 5
. 0 0 8 5 1
3 d -2 6 6 5 8 . 5 . 0 3 4 0 3
4 d -l 4 8 5 2 . 4 . 0 1 2 4 6 4d o
4s o
4 8 0 2 . 1
4 7 9 4 . 0
. 0 0 1 6 5
. 0 0 3 7 3
4 d -2 4 9 0 3 . 7 . 0 2 4 7 0
5 g -l 4 3 3 1 . 8 . 0 0 0 9 1 5g o 4 2 9 1 . 3 . 0 0 0 4 5 5 g - 2 4 3 7 3 . 3 . 0 0 0 3 8
5 d -l 4 3 2 2 . 0 . 0 0 4 9 4 5d o
5s o
4 2 8 4 . 2
4 2 7 3 . 6
. 0 0 0 1 6
. 0 0 1 9 8
5 d -2 4 3 5 7 . 2 . 0 1 1 2 1
6 g -l 4 0 8 4 . 8 . 0 0 0 9 3 6 g o 4 0 5 3 . 5 . 0 0 0 2 8 6 g -2 4 1 1 7 . 0 . 0 0 0 4 9
6 d -l 4 0 6 6 . 6 . 0 0 2 4 6 6d o
6s o
4 0 3 6 . 7
4 0 1 8 . 4
. 0 0 0 0 2
. 0 0 1 2 6
6 d -2 4 0 9 0 . 4 . 0 0 6 4 5
7 i -l 3 9 4 9 . 4 . 0 0 0 2 7 7i o 3 9 2 1 . 2 . 0 0 0 1 5 7 i- 2 3 9 8 0 . 8 . 0 0 0 0 5
7 g -l 3 9 3 6 . 1 . 0 0 0 6 2 ? 8 o 3 9 0 7 . 8 . 0 0 0 0 3 ? g -2
3 9 6 2 . 0 . 0 0 0 5 2
7 d -l 3 9 0 S . 2 . 0 0 1 3 2 7 J o
7s o
3 8 8 7 . 0
3 8 4 9 . 2
. 0 0 0 0 0
. 0 0 0 9 1
?d-2 3 9 2 4 . 1 . 0 0 4 2 5
8 i -l 3 8 5 9 . 2
. 0 0 0 3 4 8i o 3 8 3 7 . 7 . 0 0 0 1 0 8 i -2 3 8 8 3 . 1 . 0 0 0 1 2
8 g -l 3 8 3 3 . 9 . 0 0 0 4 9 3 8 1 2 . 8 . 0 0 0 0 1 8 g -2 3 8 5 3 . 2 . 0 0 0 5 5
8 d -l 3 7 9 8 . 6 . 0 0 0 1 9 8d o
8s o
3 7 8 2 . 6
3 7 8 0 . 2
. 0 0 0 0 9
. 0 0 0 0 3
8 d -2 3 8 1 9 . 9 . 0 0 0 0 8
9 k - l 3 7 9 4 . 4 . 0 0 0 7 4 9k o 3 7 5 3 . 5 . 0 0 0 0 0 9 k - 2 3 8 0 4 . 6 . 0 0 0 1 7
9 i -l 3 7 7 9 . 3 . 0 0 0 1 7 9i o 3 7 4 0 . 3 . 0 0 0 0 4 9 i -2 3 8 0 2 . 9 . 0 0 2 8 0
9 g -l 3 7 5 8 . 2 . 0 0 0 0 3 9 g o 3 7 3 4 . 5 . 0 0 0 2 1 9 g -2 3 7 7 3 . 2 . 0 0 0 1 9
9 d -l 3 7 5 0 . 3 . 0 0 0 6 8 9d o
9s o
3 7 3 1 . 6
3 7 1 0 . 7
. 0 0 0 4 6
. 0 0 0 0 1
9 d -2 3 7 6 5 . 9 . 0 0 0 6 2
1 0 k  , 3 7 2 7 . 4 . 0 0 0 0 0 1 0 k o 3 7 0 3 . 3 . 0 0 0 1 4 10k_2 3 7 4 3 . 8 . 0 0 0 1 3
1 0 i _l 3 7 1 2 . 7 . 0 0 0 1 5 10 i o 3 6 9 2 . 8 . 0 0 0 0 1 l 0 i -2 3 7 2 4 . 2 . 0 0 0 2 8
1 0 8_ ! 7 7 1 0 . 8 . 0 0 0 3 8 1 0 g o 3 6 7 5 . 6 . 0 0 0 0 1 l ° g _ 2 3 7 1 4 . 3 . 0 0 0 2 4
IO d 3 6 9 3 . 0 . 0 0 0 4 9 IO d o
10s o
3 6 7 3 . 9  
3 6 5 3 . 7
. 0 0 0 0 6  
. 0 0 0 0 5
10d_2 3 7 0 0 . 7 . 0 0 0 5 8
TABLE 29
Wavelengths and Quadratic Zeeman Shifts (in k) for the Hydrogen Balmer Lines
for a Magnetic Field of 10^G
n A
O
X q - a a l
A A Q(2-+n;q)
L a m b  & 
P r e s e n t  S u t h e r -  
W o r k  l a n d
-<AY
P r e s e n t
W o r k
(2-+n)
P r e s t o n A V r ( K ^ - s e c
0 0 . 0 .090 .091
H 6 5 6 1 . 1 2 6 5 6 0 . 9 8 + i +  2 0 . 0 2 .175 .178 .147 .20 - 6. 7a -l - 2 0 . 1 4 .177 .178
0 0 . 0 .244 .258
H P
4 8 6 0 . 0 9 4 8 5 9 . 7 2 + i +  1 0 . 9 9 .437 .451 .374 .42 - 2 3 . 1
D -l - 1 1 . 0 4 .441 .451
0 0 . 0 .474 .573
H 4 3 3 9 . 3 6 4 3 3 8 . 6 0 + 1 +  8 . 7 6 . 9 1 9 .983 . 7 6 3 .86 - 5 2 . 8
y -1 - 8 . 8 0 .897 .983
0 0 . 0 .950 1 . 1 2 •
H f 4 1 0 0 . 7 0 4 0 9 9 . 2 1 + 1 +  7 . 8 3 1 . 7 5 1 . 9 1 1 . 4 9 1. 6 1 - 1 0 8 . 80 -1 - 7 . 8 6 1 . 7 6 1 . 9 1
0 0 . 0 1 . 6 5 2 . 0 0
H 3 9 6 9 . 0 7 3 9 6 6 . 4 7 + 1 +  7 . 3 3 3 . 0 7 3 . 4 1 2 . 6 1 2 . 8 0 - 1 9 7 . 0£ - 1 - 7 . 3 6 3 . 0 9 3 . 4 1
0 0 . 0 2 . 7 1 3 . 3 3
Ha 3 8 8 8 . 0 7 3 8 8 3 . 7 9 + 1 +  7 . 0 4 5 . 0 4 5 . 6 7 4 . 2 8 4 . 6 1 - 3 3 0 . 5O -1 - 7 . 0 6 5 . 0 7 5 . 6 7
0 0 . 0 4 . 2 9 5 . 2 4
H 0
3 8 3 4 . 4 2 3 8 2 7 . 7 3 + 1 +  6 . 8 4 7 . 8 4 8 . 9 3 6 . 6 9 7 . 2 0 - 5 2 3 . 9
-1 - 6 . 8 7 7 . 8 8 8 . 9 3
0 0 . 0 6 . 5 5 7 . 8 9
H 10 3 7 9 6 . 9 5 3 7 8 6 . 8 3 + 1 +  6 . 7 1 1 1 . 7 4 1 3 . 4 1 0 . 1 1 1 0 . 7 - 7 9 9 . 2-1 - 6 . 7 4 1 1 . 7 3 1 3 . 4
TABLE 30
Wavelengths and Quadratic Zeeman Shifts (in A) for the Hydrogen Balmer Lines
for B = 2 x 106 G
-4iQ(2*n;q) -<4V ( 2 ^ )  AV^^-s.c'1)
0 0 . 0 .360
H 6 5 6 1 . 1 2 + 1 6 5 6 0 . 5 3 + 3 9 . 9 1 .694 .588 - 26a -1 - 4 0 . 4 0 .711
0 0 . 0 .974
Hfi 4 8 6 0 . 0 9 + 1 4 8 5 8 . 6 0 + 2 1 . 9 3 1 . 7 4 1 . 4 9 - 92B - 1 - 2 2 . 1 3 1 . 7 7
0 0 . 0 2 . 0 1
H 4 3 3 9 . 3 6 + 1 4 3 3 6 . 2 3 + 1 7 . 4 9 3 . 6 6 3 . 1 3 - 216
Y - 1 - 1 7 . 6 4 3 . 7 2
0 0 . 0 3 . 7 8
H  j 4 1 0 0 . 7 0 + 1 4 0 9 4 . 7 6 + 1 5 . 6 3 6 . 9 6 5 . 9 4 - 434
-1 - 1 5 . 7 5 7 . 0 6
0 0 . 0 6 . 5 5
H 3 9 6 9 . 0 7 + 1 3 9 5 8 . 6 8 + 1 4 . 6 4 1 2 . 1 8 1 0 . 4 - 785c -1 - 1 4 . 7 5 1 2 . 3 6
0 0 . 0 1 0 . 6 0
H 8 3 8 8 8 . 0 7 + 1 3 8 7 1 . 1 7 + 1 4 . 0 5 1 9 . 7 6 1 6 . 9 - 1 3 0 4- 1 - 1 4 . 1 5 2 0 . 0 5
0 0 . 0 1 6 . 7 0
H 9 3 8 3 4 . 4 2 + 1 3 8 1 1 . 4 2 + 1 3 . 6 7 2 6 . 7 1 2 3 . 0 0 - 1 8 0 7-1 - 1 3 . 7 6 2 7 . 1 1
0 3 7 7 4 . 7 3 0 . 0 2 2 . 2 2
H 10 3 7 9 6 . 9 5 + 1 3 7 5 6 . 3 7 + 1 3 . 4 0 2 7 . 1 8-1 3 7 8 2 . 9 0 - 1 3 . 5 0 2 7 . 5 5
oo
TABLE 31
Wavelengths and Quadratic Zeeman Shifts (in A) for the Hydrogen Balmer Lines
for B = 3.2 x 10^ G
n X0 q X A (2-*n; q ) - a x l Q(2-*n;q)
P r e s e n t
W o r k P r e s t o n A V r (KM - s e c ' 1 )
0 0 . 0
.922
H 6 5 6 1 . 1 2 + i 6 5 5 9 . 6 2 + 6 3 . 6 2 1 . 7 6 1 . 5 0 2. 0 - 68
a -l - 6 4 . 8 8 1 . 8 3
0 0 . 0 2 . 4 9
H r 4 8 6 0 . 0 9 + i 4 8 5 6 . 2 8 + 3 5 . 0 0 4 . 4 1 3 . 8 1 4 . 2 - 235p -l - 3 5 . 5 1 4 . 5 4
0 0 . 0 5 . 1 4
H 4 3 3 9 . 3 6 + i 4 3 3 1 . 3 6 + 2 7 . 9 9 9 . 3 1 8 . 0 1 8.6 - 5 5 3
Y -l - 2 8 . 2 9 9 . 5 6
0 0 . 0 9 . 5 9
4 1 0 0 . 7 0 + i 4 0 8 5 . 5 6 + 2 4 . 3 4 1 7 . 6 4 1 5 . 1 4 1 6 . 1 - 1 1 0 7
0 -l - 2 5 . 2 5 1 8 . 0 7
0 0 . 0 1 6 . 4
H 3 9 6 9 . 0 7 + 1 3 9 4 2 . 9 8 + 2 3 . 3 7 3 0 . 4 1 2 6 . 1 0 2 8 . 0 - 1 9 7 1£ -1 - 2 3 . 6 5 3 0 . 9 6
0 0 . 0 2 6 . 0 5
H 8
3 8 8 8 . 0 7 + 1 3 8 5 1 . 0 6 + 2 2 . 4 3 4 0 . 8 7 3 7 . 0 1 4 6 . 1 - 2 9 0 4
-1 - 2 2 . 6 9 4 1 . 1 7
0 3 8 0 1 . 6 9 0 . 0 3 2 . 7 3
H o 3 8 3 4 . 4 2 + 1 3 7 7 1 . 0 6 + 2 1 . 8 2 4 1 . 5 5 7 2 . 0y 0 3 8 1 3 . 9 9 - 2 2 . 0 7 4 2 . 5 0
0 3 7 5 4 . 6 2 0 . 0 4 2 . 3 2
H 10 3 7 9 6 . 9 5 + 1 3 7 2 9 . 0 7 + 2 1 . 3 9 4 6 . 4 8 107- 1 3 7 7 1 . 0 5 - 2 1 . 6 4 4 7 . 5 3
nW a v e l e n g t h s  
Aq (A) q
a n d  Q u a d r a t i c  
A A (2-m ; q )
T A B L E  32
Z e e m a n  S h i f t s  (in A) f o r  the 
f or B = 5 x 10^ G
“ ’ A A “ AA /,-. a x L Q ( 2 + n ' q )
H y d r o g e n  B a l m e r  L i n e s
-<AV(2+n) A V ^ l ^ - s e c  1 )
0 0 . 0 2 . 2 5
H 6 5 6 1 . 1 2 + 1 6 5 5 7 . 4 6 + 9 8 . 8 7 4 . 2 4 3 . 6 7 - 16 7a -1 - 1 0 1 . 9 5 4 . 5 1
0 0 . 0 6 . 0 4
Hft 4 8 6 0 . 0 9 + 1 4 8 5 0 . 8 2 + 5 4 . 4 6 1 0 . 6 3 9 . 2 7 - 5 7 2c -1 - 5 5 . 7 1 1 1 . 1 3
0 0 . 0 1 2 . 4 7
H 4 3 3 9 . 3 7 +1 4 3 1 9 . 9 7 + 4 3 . 4 7 2 2 . 3 5 1 9 . 4 0 - 1 3 4 1
Y -1 - 4 4 . 3 6 2 3 . 2 7
0 0 . 0 2 2 . 9 6
H <«i
4 1 0 0 . 7 0 + 1 4 0 6 4 . 7 2 + 3 8 . 8 4 4 1 . 4 7 3 5 . 9 7 - 2 6 3 1
0 -1 - 3 9 . 5 9 4 2 . 9 1
0 0 . 0 3 8 . 4 5
H 3 9 6 9 . 0 7 + 1 3 9 1 9 . 1 9 + 3 6 . 4 0 5 7 . 0 6 4 9 . 8 9 - 3 7 9 5c -1 - 3 7 . 0 8 5 9 . 3 8
0 3 8 4 2 . 0 5 0 . 0 4 6 . 0 2
H 8
3 8 8 8 . 0 7 +1 3 7 9 4 . 8 5 + 3 4 . 9 4 5 8 . 2 8o -1 3 8 6 3 . 2 3 - 3 5 . 5 7 6 0 . 4 2
0 3 7 7 1 . 4 3 0 . 0 6 1 . 9 9
H q 3 8 3 4 . 4 2 + 1 3 7 3 1 . 4 7 + 3 3 . 9 8 6 8 . 9 7
-1 3 7 9 7 . 5 6 - 3 4 . 6 0 7 1 . 4 5
0 3 7 1 1 . 9 2 0 . 0 8 5 . 0 2
H10 3 7 9 6 . 9 5 + 1 3 6 6 4 . 1 6 + 3 3 . 3 2 9 9 . 4 6U -1 3 7 2 7 . 8 7 - 3 3 . 9 2 1 0 2 . 9 9
oo
o
FIGURE CAPTIONS
Fig. 7
Fig. 8
Fig. 9
Energy levels of hydrogen in a magnetic field 
corresponding to higher values of the principal 
quantum number n that are raised and lowered the 
most; all other levels lie in between.
Schematic diagram of the quadratic and linear 
Zeeman splitting for 2s - 3p and 2p - 3d transi­
tions. AEIq , the quadratic energy shift is larger 
for the higher levels, while AE^, the linear energy 
shift is the same for a given field.
Quadratic Zeeman wavelength displacements (in % ) of 
the hydrogen Balmer lines H - H as a function ofa t
the magnetic field B.
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IV. TWO-ELECTRON ATOMS IN STRONG 
UNIFORM MAGNETIC FIELDS
4.1. Helium atom In the absence of external fields
The Hamiltonian for the neutral helium atom (He I) in 
the absence of external fields Is
r, _ 1^:2 , :2, 2e2 2e2 , e2 , ,  x
H o - 2l7(pl + P 2 ~r7 " ~rT p  T T »
1 2 lri - r2 l
-¥
where and are the momentum and spatial coordinate of
the ith electron, and the last term is due to the two-
electron Coulomb interaction.
Equation (4.1) has no exact solution. There are a
number of methods, mostly variational, to obtain the energy
states of helium (Bethe and Salpeter, Ch. II). Variational
calculations with a large number of terms in the wave-
functions have resulted In energy levels in agreement with
48experimental values to very high accuracy (Pekeris,
49Accad, et_ eLL. ) .
For a two-electron atom the spins cannot be ignored 
even In the absence of a magnetic field. Neglecting the 
spin-orbit interaction and relativistic corrections, the 
wavefunction that Is a solution to E q . (4.1) can be written 
as a product of spatial and spin wavefunctions, such that 
only the components of the spins in a fixed direction z need 
to be specified. Now because of the Pauli exclusion
8b
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principle, the total wavefunction has to be antisymmetric. 
Therefore, to spatially symmetric wavefunctions (para-states 
of helium) correspond antisymmetric spin wavefunctions and to 
spatially antisymmetric wavefunctions (ortho-states) corres­
pond symmetric spin wavefunctions. Thus the total spin for 
para-helium is S = 0 and can be represented by the state
s = —  [ X 1 ( S 1 ) X _ 1 ( S 2 ) - X _ 1 ( S 1 ) X 1 (S2 )], (I).2)
n  2 ? ? 7
and the total spin for ortho-helium is S = 1 and can be
represented by
S+ = X 1(S1)X1(S2 ) ; S_ = X_1(S1)X_1(S2 )
7 2 2 2
SQ = [X1(S1)X_1 (S2 ) + X_1(S1)X1(S2 )]
^2 -  o '  ~ “
(4.3)
where X^(S^) and X  ^(2L ) are individual spin states. The
2 . 2
eigenvalue of S , the z-component of the total spin, is
therefore M0 = 0 for para-helium and = 1,0,-1 for ortho-O O
helium. This degeneracy of the ortho-states is partially 
removed by the spin-orbit interaction and gives rise to a 
triplet, while the para-helium energy remains unchanged and 
hence it is called a singlet state.
Let £ and £0 be the orbital angular momenta of the
electrons. The total orbital angular momentum is then
L = £ i + £ 2 , (4.4)
with L = | £-^-£2 | ,. . . , £-^+£2 and the eigenvalues of Lz are 
then = -L,-L+l,...,L.
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Without the two-electron interaction term the states 
with different L and values (but same I  ^ and would be
degenerate. However the two-electron interaction term 
removes the L-degeneracy (but not the M^-degeneracy).
Thus assigning hydrogen-like spatial quantum numbers to 
each electron (n^,£^,m^) and furthermore assuming one 
electron to be in its ground state, to each hydrogen energy 
level with principal quantum number n correspond 2n levels 
in helium (fc = 0,1,...n-1 for ortho and para) with the 
exception of the ground state which has to be a para-state 
because of Pauli's principle.
4.2. Hamiltonian for helium in a strong uniform magnetic 
field
Neutral helium is one of the important elements on the
HOsurface of pulsars, and is considered by some authors to
be the predominent one after the nuclear reactions are
over and the star has cooled down to a temperature of about
10^ °K. The prevalent magnetic fie his are of the order of 
12 1310 -10 J G, and the binding energy of helium is used, for
example, in opacity calculations.
Here we consider the simplest situation of a uniform 
magnetic field and attempt to extend the variational method 
applied to the case of hydrogen.
In the presence of a strong uniform field B in the 
z-direction the Hamiltonian for He I is written in a similar 
fashion to that of hydrogen
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H = Ho + H 1 + H 2 , (4.5)
where the linear term is
Hi = u)L (Lz + 2SZ ), (4.6)
and the quadratic term
= ■^m<d^ ( r^sin20^ + r^sln^e^), (4.7)
eB
with = 2^ 70 as the Larmor frequency.
Complete Paschen-Back effect is assumed and relatlvistic
and spin-orbit terms have been neglected. We note again that 
H is invariant under rotations around the z-axis and under 
unversion, therefore L a n d  parity are conserved quantities 
so are the total spin S and S , and the corresponding 
quantum numbers M^, n, S and Mg are good quantum numbers.
4.3. Variational wavefunctions
For the angular and spin parts of the trial
51wavefunctions we choose the set (Henry, et a l .)
Tr(e,$,Slt02 ,$2 ,S2 ) = I C(i1^?L;m1m 2ML )
m -»niqiTio M(-i 
° 1 ° 2
X C(2 2S;mS1mS2MS)Yi1m1(61»*1) (^-8)
X Y *2m 2( 02»*2*Xms (^ l )Xm s (S2 )‘
1 2
0  ^, <#>^ ,S^ , ,m^ ,mg^ are the coordinates and quantum numbers 
associated with each electron, C is a Clebsch-Gordon 
coefficient, Y is a spherical harmonic, and X is the spin 
wavefunction.
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In this basis the matrix elements of are proportional
to (M^ + 2Mg) and the matrix elements of are diagonal in
Ml ,Ms and S (but not L). These wavefunctions can be
labeled by and ir, and the general form of the trial
SIsolution, including radial terms is written
*(y,r1 ,S1 ,r2 ,S2) = A I ( )  _1F r ( Tj )Gr (r2 )
i \ ^  • y /
^ Tr^®l*^l*^l,®2,^2*^2^*
Here y = (M^M^S*) is an index for the angular part, the
radial parts (F and G) in reduced coordinates are linear
n,+l -a.tr
combinations of Slater orbitals a.r e where a.’s are
i i
variational parameters, n^ = £,Jl+l. The summation r is over 
and that < L < l i +t-2 and n = thus L
can either take the values 0,2 ,4 ,...(even parity) or 1,3,5,
. . . (odd parity).
With these wavefunctions, one important difference from 
the one-electron case is that, we have to use two sets of 
a^’s for the two electrons. We assign larger values for the 
set corresponding to the inner electron and include possible 
combinations of and I ^ for a gi von L, specifled by the 
zero field state. As B Increases, to achieve convergence 
we need to include larger values of L (odd or even according 
to parity). We note in general that the lowest energies are 
obtained by having states with = 0, = L and vice-versa.
Twenty-four Slater orbitals were necessary to reproduce to 
within .8$ the known v a l u e a ^ ’^  of the first five levels at
90
B = 0, and up to 125 terms were necessary for very strong 
fields with a maximum L value of 11. Tables 33 and 34 give 
the variational parameters at B - 2.35 x 1 0 ^  G and 
B = 2.35 x 1011 G.
4.4. Energy spectrum and ionization energy of He I
At B = 0 the lowest energy levels are, in order of 
increasing energy l^S , 2 , 2^S , 2^P , 27P , etc. The ground 
state l^S is a para state where S stands for even parity 
(L = 0) and the superscript 1 is for singlet. The strong 
magnetic field removes the MT degeneracy as well as theLi O
degeneracy for the triplet of ortho-states. The states are 
now labeled by the index y = (MT , ,5 , tt ) as shown in TableL» o
35. There is, however, one degeneracy that is not removed: 
The eigenvalues of the pair (1-11-), (-101-) are the same, 
similarly for (L01-) and (—111— ). This is due to the fact 
that (M, + 2M„) is unchanged for these pairs of states and
1 j O
is proportional to (M^ + 2M^) while Hp depends on the 
absolute value of M^.
The energy spectrum of the lowest states of helium for
107 < B < 1011 G is displayed on Fig. 10 (Surmelian, Henry,
5 2and O'Connell). The energy spectrum for weak fields
7 5 3B < 10 G, has been determined by Garstang and Kemic. We
note that the ground state goes from the singlet even parity
state y = (000+) to the triplet odd parity state y = (—1—11— )
at B ~ 1.7 x 109 G.
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To ionize the helium atom in its ground state we have 
to remove one of the electrons to the lowest of the free 
states (Landau levels), with zero energy (this includes the 
spin which is antiparallel to the field, cf. 62.4). What is 
left then is ionized helium, He II, in its ground state.
Thus the ionization energy of He I is written
I (He I) = -E(He I) + E(He II) (4.10)
where E(He I) and E(He II) are the ground state energies of 
neutral and singly ionized helium respectively (including 
the spin energies). Now
E(He II) = E (He II) - , (4.11)
O  1_j
where EQ (He II) is the He II ground state energy without 
the term due to the electron spin. We can see that
E (He II) = -I(He II), (4.12)
where I(He II) is the binding energy of the ground state of 
He II as calculated in 6 2 . 1 0 . ^  Thus
I (He I) = -E(He I) - T(He II). (4.13)
Table U> gives the values of E(He i), I (lie II) and T(lle I) 
for1 various values of the field B and Tables 37 and 38 give
the values of the energies of the excited states of He I.
H 2Figure 11 is a plot of I (He I) vs. B. It readies a 
minimum when y = (000+) and y = (-I-11-) states cross, then 
it is seen to increase steadily with B. We were able to 
carry the calculation up to B - 3 x 1 0 ^  G. At that point 
the spherically symmetric trial wavefunctions can no longer 
approximate well the cylindrically symmetric configuration
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of the two-electron system. It Is clear from Figs. 10 and 
11 that there are many bound states but the poor approxima­
tion of the cylindrical symmetry of the higher states begins 
at even lower fields. However the use of accurate wave­
functions is expected to show that the atom stays bound as
27
the magnetic field increases.
4.5. Electron affinity of negative hydrogen ion
The simplest two-electron system is the negative
hydrogen ion H . The unperturbed Hamiltonian is
1 2 2 2 
H  =  3 ^ ( P i  +  P t ) -   - - - - —  +    . 1 )
° 2 v 1 2 rl r2 I V ?2 I
while the terms due to the magnetic field are given by Eqs.
(4.6) and (4.7). H~ has just one bound state, at zero field,
with an energy of -1.035 6 RY .
51Recently Henry, et_ a_l. , calculated the energy levels 
in strong fields using the wavefunctions of Eq. (4.8). The 
electron affinity (or binding energy) of the ground state is 
obtained from
I(H") = -E(H") - 1(H) (4.15)
where E(H~) is the energy of the ground state of H- which 
goes from y = (000+) to y = (-1-11-) at B = 1.2 x 10® G, 
and 1(H) is the ionization energy of the hydrogen atom in 
the ground state (cf. 62.7). It was found that I(H- ) after
Q
displaying a characteristic gap for 1.2 x 10 * B ^ 3*3
8  Q
x 10 G, when the atom is unbound, peaked at 1.2 x 1 0 G
with a value of 2.03 RY. Improving the accuracy of the
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wavefunctions, we were able to calculate the electron
affinity up to B = 4 x 10^ G where it has a value of '.096 RY
52as shown in Fig. 12. The turn-over is due to a lack of 
convergence of the wavefunctions. Table 39 lists the 
variational parameters for the two electrons at
9
B = 2.35 x 10 G. L values of up to 7 have been included.
51As before, we note that H is unbound for an 
intermediate range of B values. This stems from the fact 
that the linear B term makes no contribution to the energy 
for the (000+) singlet state whereas the quadratic term 
makes the energy more positive. With increasing B the 
(— 1—11— ) triplet state gives decreasing energy values due 
to the presence of the linear B term, of magnitude -3^w^.
In the range of B values for which the lowest energy state 
is the triplet, the singlet state behaves like an auto- 
Ionization level in that it is embedded in the "continuum" 
of the system consisting of a single-electron atom with 
spin down and a "free" (from the Coulomb but not from the 
magnetic field) electron with spin down. Finally, we note 
that He is not unbound for any B value simply because of 
its relatively large binding energy (compared to that of H ) 
in the absence of a magnetic field.
We expect the binding energy of H- to increase with B, 
but there is a possibility that In the limit B-*-® H~becomes 
unbound, since, unlike the case of He I, it is possible that 
the inner electron will completely screen the single nuclear 
charge.
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We notice that for the case of H~ the largest fields 
for which the wavefunctions of E q . (4.8) remain good are 
about two orders of magnitude smaller than the corresponding 
values for He I, because the spherical symmetry due to a 
single positive nuclear charge breaks down before that for 
Z = 2, and one could reach even higher fields for two- 
electron systems with Z > 2.
4.6. Two-electron interaction energy
It is informative to calculate the two-electron Coulomb 
interaction energy. This is obtained by repeating the 
calculations after having removed the e /|r^-?p| from the 
Hamiltonian and taking the difference with the corresponding 
results which Include this term, obtained earlier. This 
calculation was done for the upper range of the magnetic 
field for He I and H ~ . The results are given in Table 40 
and displayed on Fig. 13. It is interesting to note that 
without the interaction term, the expression (2.63) derived 
earlier for one-electron atoms, can be extended to 
two-electron atoms as well.
TABLE 33
V a r i a t i o n a l  P a r a m e t e r s  f o r  H e  I f o r  B *» 2 . 3 5  x  10
7 . 0 0 0 0 2 . 1 8 7 5 1 1
4 . 2 0 0 0 1 . 3 1 2 5 1 1
5 . 6 0 0 0 1 . 7 5 1 1
7.0 0 2 . 9 1 6 5 1 1
4. 2 0 1 . 7 5 1 1
5 . 6 0 2 . 3 3 3 1 1
5 . 6 0 3. 5 1 1
4. 2 0 2 . 6 2 5 1 1
7. 1 2 . 1 8 7 5 0 1
5. 6 1 1 . 7 5 0 1
4 . 2 1 1 . 7 5 0 1
7.0 1 2 . 9 1 0 5 0 1
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T A B L E  34
V a r i a t i o n a l  P a r a m e t e r s  fo r  H e  I f o r  B - 2 . 3 5  x  1 0 ^
“ l *1 a 2 *2 L
2 4 . 0 0 6 . 7 5 1 1
2 3 . 0 0 6 . 5 0 1 1
2 2 . 0 0 6 . 0 0 1 1
2 1 . 0 0 5 . 7 5 1 1
2 0 . 0 0 5 . 5 0 1 1
1 9 . 0 0 5 . 2 5 1 1
1 8 . 0 0 5 . 0 0 1 1
1 7 . 0 0 0 4 . 7 5 1 1
1 6 . 0 0 4 . 5 0 1 1
1 5 . 0 0 4 . 2 5 0 1 1
2 2 . 0 1 6 . 0 0 0 1
2 1 . 0 1 5 . 7 5 0 1
2 0 . 0 1 5 . 5 0 0 1
1 9 . 0 1 5 . 2 5 0 1
1 8 . 0 1 5 . 0 0 0 1
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TABLE 35
E n e r g y  E i g e n s t a t e s  o f  N e u t r a l  H e l i u m
Z e r o F i e l d S t r o n g  M a g n e t i c F i e l d
— ( M ^ S * )
S t a t e E n e r g y ( R Y ) 4 8 , 4 9
Y -
i3s - 5 . 8 0 7 (000+)
2 3 S - 4 . 3 4 9 (0-1 1+) (001 +) (011 +)
2 1 S - 4 . 2 9 1 6 (000 +)
2 3P - 4 . 2 6 4 ( - 1 - 1 1 - ) ( 0 - 1 1 - ) ( 1 - 1 1 - ) *
( - 1 0 1 - ) * (001-) ( 1 0 1 - ) +
( - l l l - ) + (Oil-) (111 -)
2 3P - 4 . 2 4 5 (-1 0 0 - ) (000-) (100 -)
*+ D e g e n e r a t e  S t a t e s .
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TABLE 36
G r o u n d  S t a t e  E n e r g y  E ( H e  I), I o n i z a t i o n  E n e r g i e s  I ( H e  II) a n d  I ( H e  I) 
fo r  V a r i o u s  V a l u e s  o f  th e  M a g n e t i c  F i e l d  B
E(G) hcu (RY) E ( H e  I ) ( R Y )  I (He II) (RY) I (He I ) ( R Y )
L
i o 7 - 4 2 5 x 1 0  ^
{Y - ( 0 0 O f ) }
- 5 . 7 6 4 . 0 0 1 . 7 6
00o
.4 2 5 x l 0 _1 - 5 . 7 6 4 . 0 4 1 . 7 2
2 . 3 5 x l 0 8 .1 -5. 75 4 . 1 0 1 . 6 5
4. 7 0 x l 0 8 .2 - 5 . 7 4 4 . 2 0 1 . 5 4
1 . 1 7 5 x l 0 9 .5 - 5 . 6 6 4 . 4 8 1 . 1 8
1 . 6 4 5 x l 0 9 .7 - 5 . 5 8 4 . 6 3 .95
2 . 3 5 x l 0 9 1. - 5 . 9 2 4 . 8 8 1.04
4 . 7 x l 0 9 2. - 6 . 9 9 5 . 5 8 1 . 4 1
1 . 1 7 5 x l 0 10 5. - 9 . 0 4 7 . 0 8 1 . 9 6
2. 3 5 x l 0 10 10. - 1 1 . 1 5 8 . 8 0 2 . 3 5
4 . 7 x l 0 10 20. - 1 3 . 8 1 1 1 . 2 0 2 . 6 1
2 . 3 5 X 1 0 11 100. - 2 3 . 3 0 1 9 . 1 0 4 . 2 0
TABLE 37
E n e r g i e s  (in RY) of th e  E x c i t e d  S t a t e s  o f  H e  I f o r  V a r i o u s  V a l u e s  of the M a g n e t i c  F i e l d  B
3
C o r r e s p o n d i n g  to the Z e r o - F i e l d  S t a t e  2 P
B ( G a u s s ) Y " (- 1 - 1 1 - ) Y * (0— 1 1 — ) v = {  ( 1 _ 1 -Y Y (-10:
1 . 1 7 5 x 1 0 ® .05 - 4 . 4 0 - 4 . 3 6 - 4 . 3 0
2 . 3 5 x 1 0 ® . 1 - 4 . 5 2 - 4 . 4 4 - 4 . 3 2
4 . 7 0 x 1 0 ® .2 - 4 . 7 3 - 4 . 3 3
1 . 1 7 5 x l 0 9 .5 - 5 . 2 4 - 4 . 9 6 - 4 . 2 4
2 . 3 5 x l 0 9 1. - 5 . 4 6 - 3 . 9 2
4 . 7 0 x l 0 9 2. - 2 . 9 9
7 . 0 5 x l 0 9 3. - 6 . 7 8 - 1 . 8 2
1 . 1 7 5 x l 0 10 5. - 7 . 6 0 .96
1. 6 4 5 x l 0 10 7. - 8 . 1 8 4 . 2 6
2 . 3 5 x l 0 10 10. - 8 . 9 0
4 . 7 0 x l 0 10 20. - 9 . 7 8
Y-(OOl-) (-ill-) Y“ (Oil-) y*(111-)
- 4 . 2 6 - 4 . 2 0 - 4 . 1 6 - 4 . 1 0
- 4 . 2 4 - 4 . 1 2 - 4 . 0 4 - 3 . 9 2
- 4 . 1 9 - 3 . 9 3 - 3 . 5 3
- 3 . 9 6 - 3 . 2 4 - 2 . 9 6 - 2 . 2 4
- 3 . ^ 6 - 1 . 9 2 - 1 . 4 6 .077
- 2 . 2 2 1 . 0 0 6 1. 78 5 . 0 0
0
 
00r--1 4 . 1 8 4 5 . 2 1
2 . 4 3
vo
VO
TABLE 38
E n e r g i e s  o f  the L o w e s t  E x c i t e d  S t a t e s  o f  He I fo r  V a r i o u s  V a l u e s  of the M a g n e t i c  F i e l d  B
1 1 3  1C o r r e s p o n d i n g  to t h e  Z e r o  F i e l d  S t a t e s  1 S, 2  S, 2  S, 2  P 
B ( G a u s s )  hioL  y=(000+) y=(000+) y= (0-11+) y*(001+) y= (-100-)
1 . 1 7 5 x l 0 8 .05 - 4 . 2 7 - 4 . 4 4 - 4 . 2 8
2 . 3 5 x l 0 8 .1 - 4 . 2 4 - 4 . 5 1 - 4 . 3 1 - 4 . 2 9
A . 7 0 x l 0 8 .2 - 4 . 1 4 - 4 . 6 4
1 . 1 7 5 x l 0 9 .5 - 3 . 8 1 - 4 . 9 1 - 3 . 9 0 - 4 . 1 4
2 . 3 5 x l 0 9 1. - 5 . 4 1 - 3 . 2 1 - 5 . 2 9 - 3 . 2 9 - 3 . 7 5
4 . 7 0 x l 0 9 2. - 4 . 6 0 - 1 . 8 7 - 5 . 9 4 - 1 . 9 5 - 2 . 6 8
7 . 0 5 x l 0 9 3. - 3 . 5 6 - .350 - 6 . 4 4 - .448 - 1 . 3 9
1 . 1 7 5 x l 0 10 5. - 1 . 0 5 3 . 0 2 - 7 . 1 4 2 . 8 5 1 . 5 4
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TABLE 39
V a r i a t i o n a l  P a r a m e t e r s  f o r  H  f o r  B - 2 . 3 5  x  10'
a l *1 “ 2 Z
3. 0 0 1 .2 1
2 . 2 5 0 .9 1
1.5 0 .6 1
3. 0 0 1. 5 1
2. 4 0 1.2 1
1.5 0 0 . 7 5 1
2 . 2 5 0 1 . 5 0 1
1. 5 0 1. 0 1
3.0 1 1.2 0
2 . 2 5 1 .9 0
3.0 1 1.5 0
1.5 1 .75 0
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TABLE 40
T w o - E l e c t r o n  I n t e r a c t i o n  E n e r g y  fo r  H  a n d  H e  ] 
for H i g h e r  F i e l d  V a l u e s
B ( G a u s s )  E (H~) (RY) E (He I)e - e  e - e
7 . 0 5  x  1 0 8 .58
1 . 1 7 5  x  1 0 9 .65
2 . 3 5  x  1 0 9 .82 1 . 1 2
1 . 1 7 5  x  1 0 10 1 . 8 6
2 . 3 5  x  1 0 10 2 . 2 5
2 . 3 5  x  1 0 11 3 . 8 6
(RY)
FIGURE CAPTIONS
Fig. 1 
Fig. 1 
Fig. 1 
Fig. 1
The energy spectrum of He I in a magnetic field. 
The labeling corresponds to y = (M^ S -n) .
The ionization energy of the ground state of He I 
as a function of the magnetic field.
The ionization energy of the ground state of H- 
as a function of the magnetic field.
Two-electron interaction energy for H- and He I as 
a function of the magnetic field.
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APPENDIX A
Eigenvalues of the Hydrogen Atom in a Strong Magnetic 
Field Obtained from Perturbation Theory
We write the Hamiltonian (Eq. 2.22) in atomic units 
( e = -ft = y = 1)
h - E- 1 x 1 B r . 1 / B x 2  2 2 / . -j \
Ho “ 2 " ? + 2 B ~  z + F (B“ } r sln 9 (A“ 1)o o
The unit of energy is 2 R Y , and the unit of length aQ . The 
eigenfunctions of the unperturbed Hamiltonian are the 
hydrogen wavefunctions
<p(r,d,4>) = R n Z ( r ) Y i m ( 0,<P) (A-2)
we have
and
'2
<ET  ~ F  >* " “T  RY (A_3)
n
( | ^ L >  = m|- RY (A-U)
o o
2 31
<r2> = ^ [ 5 n 2 + 1 - 3 K l  + 1)] (A-5)
(sin^e) = / / Y ( 0 > <J>) sin2 edfi
3 1 “ // Y 6 , ) cosL 6dQ ( A—6 )
using the expansion
Urn
VI
1 1
rn„ nY fn ,) - f (il+l!l±U ( il-m+1) x?Ym . U+m)U-m) ^m
am * ^  - I ( ?e + li (h + 3) * t + 1 + < (2t+l) (2t-l) > Yi-1
(A— 7)
we get
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'~in2fl' - 1 r ( A+m+1) (i-m+1) (£+m)(£-m) ,
^Sln 6; ' 1 (2 £ + 1)(2£ + 3) + (2£ + l)(2£-l)}
_ o [£(£+l)+m2~l]
(2 £ + 3)(2 £-1)
and the eigenvalues of H° are (in Rydbergs)
E = - + mgp- + 2f ( n, £ ,m)
where
f(n £ m) = n-2j-Sjl2tl-3^( £+1) ][£( £+l) + m2-l] 
K n > IL>m ) (2£ + 3)(2£-l)
( A - 8 )
(A-9)
(A-10)
APPENDIX B
A Simple Variational Calculation with One 
Hydrogen-Like Wavefunction
For the Hamiltonian
"2 2*"* V\ *— A "1 O O O
H = u L + ~-viu)Tr sin 0 (B-l)
jj r* j_/ z £_ ij
we use the trial solution
*1 = B^/2R10(6,r)Y00(e,^), (B - 2 )
which is the hydrogen ground state wavefunction if the
variational parameter 0-^  = 1. The expectation values are
obtained as follows
2 , 2 , 2 6 ?  2
< E _ > = !<?..,(- 5L_)> = i < r ' ^ ) =
d v d r d d d , dr r *
B? 2
2 r
where we have used the virial theorem and set
r = r '. (B-4)
Similarly
There fore
'1J
2 2 , 2  ,
( £ _ _ £ _ > = _  i<£_> = _ I (b _5)' r 1 p V 1 ' 9 -> * V D o ;.p r 2 r 2 ^
2 2 0 ? 2 2 
( _ £_> = _ _*<£_> _ ft
' 2m r 2 r ’ 6 r  r 1 '
= (e2 - 23l)|<fr>
= ( B? - 20 ue1 1 2
= < «2 _ qR
’u a
- 2 6,) — ii-y , ( B-6 )1 1 ') I
o 
11^
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2 2
where a = h / u e is the Bohr radius. In addition o
<o l L z > = 0 (B-7)
since the spherical harmonic is Y q q , and
(^ -M(D2r2sin2 0 ) = • ‘'sin2© ) . (B —8 )
ei
Now from E q . (A .5)
and from E q . (A .8)
Thus
<r'2 > = 3a2 , (B-9)
< sin2 e > = |. (B-10)
and
<|-VJ(»2r2sin2e > = a 2M<j2 , (B-ll)
B1
< II ) = ~~o ( ) + -^ 7 m wfa2. (D-l 2)
;’pa' 1 1 u'. *' °u 1
It is also instructive to present an alternate derivation by 
rewriting the Hamiltonian in terms of r' = B^r
~ 2 2
H = 62( ^ )  - 61(|t ) + “l Lz + ^ M 2a)2r'2sin2 0. (B-13)
B1
then from
<*( B,r) | H | *( 0 r)> = < <l> ( r ' ) | H | * ( r ' ) >
Eq. (B.12) follows.
APPENDIX C 
General Variational Calculation
C.l. Eigenvalue equation
Let <p be a trial wavefunction of the Hamiltonian H 
containing a number of variable parameters. By an appro­
priate choice of these we can minimize the quantity
(C-l)
To obtain the eigenvalues of H we set
<!> = I C 4. , (C-2)
I * *
where C are normalization coefficients we define
I = 1 H | ^ ) - A < ip | ^  )
= E C*C, [H„. - A S „, ],£ H k L ilk 8.k ’
where the matrix elements are
and
(C-3)
H *k = (C_l4)
S tk = (C-5)
For a vat'i at I otiai calculation 61 = 0 thus
£ V l k  - xL k J " °> ( c - 6 )
or in matrix form
HC - ASC = 0, (C-7)
and setting the determinant equal to zero we obtain the 
eigenvalue (or secular) equation
|H - AS| = 0. (C —8)
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The roots of E q . (C.8) give the eigenvalues A; that Is 
equivalent to the diagonalization of the matrix S-1H.
We note that H and S are real and symmetric, therefore 
hermitian matrices. Also S is positive definite.
Thus we perform the transformation
S = RTR, (C-9)
where R is an upper triangular matrix.
Then
HR-1RC = ARTRC, (C-10)
and
Now
(RT )_i (HR_ 1 )RC = ARC. (C-ll)
A = (RT )~1HR~1 = A+ , (C-12)
i.e., A is a hermitian matrix. Diagonalizing A we get the
eigenvalues A with the eigenvectors U = R C . The eigenvectors
C are then obtained from
C = R-1U . (C-13)
In the actual computation, for a choice of the parameters a,
we obtain a set of coefficients C, the values of which arek
an indication of the relative importance of each $ term in 
the wavefunctions. The process is repeated until the 
eigenvalues are minimized.
C.2. Matrix elements of H and S 
For convenience we set
e 2 = 2, A  = 1, p = I, (C-1H)
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Then the Hamiltonian is written
2 2 1-2 2 2 
H = -y - - - + ool L z + J ^ r  sin 0, (C-15)
where is now in Rydbergs, while the magnetic field is in
units of Bq = 2.35 x 10^ G.
The trial wavefunction is chosen to be
*m (r) = 1 } C £ xi (r)Y£m(0>(<>)’ (C-16)
where £ even (odd) corresponds to even (odd) parity. The
radial parts consist of Slater orbitals
£ ,  , £„ n . +1 — a . r'
x i (r ) = r 1 e 1 , (C-17)
with
n* = £,£+1 .l 1
i
x^(r) is in reduced coordinates (x(^) = R(r)r) since in this 
case we have the simple expression
yp = —  - } ; (C-18)
dr r1'
and the normalization condition is
uo oo
/ R'r'dr- = / x^(*")dr = 1." (C-19)
o o
we have
, , , n^ , n^+1 -cur
~ x . = [ (nj+ 1) r J - a . r J Je J , (C-20)
where
Also
Not 1ng
k . k ,,N k n. -a.r (n +l)n. , „
= r J e  J [— ■J- -— 1 _ 2a* (n*+l)+(a*) r], (C-21)
-> k,, , l, k N
-. k n.+n +1 -(a .+ ) r
r|Xj> - <r 1 J e 1 J
(rK+ 1 ) R R 2
x [ . J ^ J . 2a*(n*+l)+(aj)r])
= XM( n^ + ru )n^( rij+1) - XM(nf + n^+1 ) 2 ( n^+1 )
+ XM(nJ+n*+2)(a*)2 , (C~22)
* f tJ
, i, k,
00 n -( a, +0(4 )r ,
XM(n) - I r e  dr = ' <C‘23)
O (a^+a j )
£, k,„. , Z, kvo u n.+n, + 2 + p - ( a . + a . ) r
<X J I r I Xj > = <r 1 J e  1 ■' >
= XM(nf+n*f+2+p) . (C-24)
thnt
(Y Y \ = f> f, (C - 2 r>)
?,m km' Z 1< m m ' ’
we get ['or the matrix elements of the Hamiltonian
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w i t h
= { - XM( n f’ + rK ) ru ( rK+1) + 2XM( n f+ ru +1) a^( ru + 1 ) 
1 J J J ^ J J <J
-  X M ( r m + n k + 2 ) ( a k ) 2 + k ( k + 1 ) X M ( n J  + n k )
- 2XH(n1l + „Jk+ l)+;LXM(n{+n J « ) ) 4lk«mmI
+ 1 ^ X H C n J  + n j h u X Y ^ I s i n ^ l Y ^ )
= { X M ( n S n ^  ) [ k ( k + l ) - n k ) n k + l )  ] 
t) J <3
+ X M ( r n + n k + i ) 2 [ a k ( n k + l ) - l ]
1 J J J
+ X M ( n f + n k +2)Lw. - ( a k )2 ] } 6 0.
i ,j Lrn j ak
+ m wk X M ( n £ + n k + t )  (Y | s i n 2 e | Y ,  ,+ L l  j  a m 1 1 k m ' ’
< Y | i  n " G j Y , > = J f Y *  ( e , 4> ) x i n 2 6Y. ( 6 , <J>)dOarn1 1 k m 1 1 J am * km , y
r  *= 6 , 6 , dSi c oy oY ( 0 , 4>) c o x  0 Y ( (3 , <Js)ak mm'  J am ’ km ’
- 1^ , 1 ,.<».♦>
i
r ( a + m) ( a- rn)  , 2 „ *  ,n ^  , , r ( k + rn+1 ) ( k + l - m )
+ [ r 2 a + l ) ( 2a - l )  J Y a - i , m ( ,<M 1 'O k + ' i)~(2k T j y ~
1
r ( k  + m) ( k - m )  -.2y , v >
+ L ( 2 F iT 5 T 2 F T )  J k - 1 ,  m ’  ^
_ x r r ( a + l +m:  ( a - n - m )  ( a-tm) ( a - m )
k a  rnm' 1 ( 2 2 + i ; ( 2 a + j )  ( 2 a + i ) ( ? a - i ) J 6 k a
r ( a+m)  ( a - m)  ( k + m + l ) ( k  + l - m )  l//2 
L ( 2  a + 1 ) ( 2  a - 1 ) ( 2k  + l ) ( 2k+3) _ a , k + 2  mm’
I (a + m ) (a - m ) ( k  + l + m ) ( k  + l-m) , 122 
1 ( ;*a + l ) ( 2 a -  i ) ( 2k  + i ) ( 2 k + 3 )  a , k - ; , 4mn '  ’
(C-26)
1
JkY ( 8 , <t>) 
k+1 ,m
m m '
(C-27)
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Now the matrix elements of S are
= <X£Y. | X^Y. ,) = XIY(nSnk + 2) 6. .6 ,, (C-28)
Ik l Urn1 j km' l j kl m m "
and finally we write for the normalization factor N
<X?Y0 | X 5Y d ) - XM(2n*+2), (C-29)l £ m 1 l £m l ’
(XkY, IXkY, > = XM(2nk+2), (C-30)j k m 1 ,] km J
and
- 1 / 2
N = [XM(2nJ+2)XM(2nk+2)] . (C-31)
APPENDIX D
Dipole Length Matrix Elements
To calculate explicitly the dipole length matrix element 
^m'm = where |m') and | m) are the lower and upper
states respectively, it is convenient to write
? - ~  (x+iy)e , + —  (x-iy)e , + ze (D-l)
+1 /2 -1 o
where the polarization unit vectors are
®±1 = j f  <Cx T ley ); '-o ' ez- (D-2)
'we then have
(x + iy) = i :r.0e±llf; = rco:6. (D—3)
Now
T h u i
<m' | z | m ) = y.' Y._ r-) XJ( r)rY*m? ( 0 , $) 0, <j>) cost)
The radial integral is
( D-5)
<Xj (r) I r I x[( r) > = XM(nSn*! + 3) . ( D—6 )
The integral over $ vanishes except fur
Am = m 1 - m = 0. (D— 7)
The integral over 9 vanishes except for
Afc : k - I = ±1 . (D- 8 )
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And the angular Integral reduces to
123
30
2 2 1/2
<yt+lm,(e.»)|coS e|Yt m ) . , <D-9>
i2 - m 2 1/2
and
(Ye- Im,(e,»)|c°se|Yt m ) = ■ (D-10)
The matrix elements of (x + iy) are similarly given by 
(m? |x+ly|m )
(D-ll)
The radial integral is the same (Eq. D-6) while the angular 
integrals vanish except for
Am = m* - m = +1, (D-12)
in which case A £ = +1 holds again and ^
£ + lm±l 6 ’ ^  I si nee-  ^| Y ( 6, <J>) >
1 / ?
_ f(£±m+2)(£±m+1),  ^ .
■ ~ C 2  £ + 3) ("2 £ +1) J ’ (D-13)
<Y*-lm±l(e>*)|sin8e±1 *|Ytm(0,*)>
(2£+l)(2£-l) • (D-14),
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